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A Example of identification under non-Gaussianity

This section of the Online Appendix provides the details of the illustration in Section
2.4.1 of the paper, showing how non-Gaussianity affects the identification of SVAR
models. We use the illustration not only to show that higher moments help identify
the parameters of the model, but also to help visualize why, in this class of model,
identification is achieved only up to the sign and ordering of the shock, a point that
plays an important role in the paper. See also Hoesch et al. (2024) and Lewis (2025)
for a related discussion of identification under non-Gaussianity.

Consider the following bivariate data generating process:

Y1t _ bii b2 €1t 7 (A—l)
Yot bar  bao Cot

where € = (€14, €a;) are independently t-distributed structural shocks with degrees of
freedom v = (v1,v2). We normalize the variance of these shocks to 1 (which implies
that we assume the variance to be finite and thus v1,vs > 2). Model (A-1) can be

rewritten as
Y, = BQe, (A-2)

where we define ¥ = BB’ as the covariance matrix of y,, B. the Cholesky decomposi-
tion of ¥, and @ = B, !B an orthogonal matrix (so that QQ' = I). Finally, we define
bir bz

. Our goal is to identify (B,v), or
ba1 b

the individual elements of B as B = (

equivalently, (B, Q,v).
Equation ¥ = BB’ implies the following second moment restrictions on the ele-

ments of B:
E(Z/iﬁ) = b%l + b?w (A-3a)
E(yuyar) = bi1bar + biaba, (A-3b)
E(ygt) = 531 + bgz- (A-3c)

Because these three equations involve four unknowns, B, is identified, but B is not
(Kilian and Liitkepohl, 2018). While these restrictions hold under both Gaussianity
and more generally with a {-distribution, these are the only model restrictions that

can be used for the identification of B under Gaussianity. In fact, the Gaussian special
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case of the model (which holds for v; = 0o, i = 1,2) implies that higher moments are
constant in B, given that the full distribution of a Gaussian process is pinned down by
the first two moments. Thus, in the Gaussian setting, only second moment restrictions
are available from the model, and we would need to impose further restrictions to
identify B (e.g., b1z = 0 to obtain B = B,).

We now illustrate how non-Gaussianity helps with the identification of B. To do so,
in this example we assume that higher moments exist, and show that information in
these moments can be exploited. It is important to note, however, that identification
via non-Gaussianity does not rely on the existence of higher moments, see e.g. Kagan
et al. (1973), ch. 10, Eriksson and Koivunen (2004). We assume their existence only
to streamline the exposition in this example. Since we assume symmetric distributions
(Gaussian or t), third moments vanish, so any arguments based on moments has to
use at least fourth moments.

In this bivariate example, the relevant expressions for the fourth moments (derived

at the end of this section) are:

E(yi;) = bi k1 + 6b3, b3 + biyka, (A-4a)

E(y3 1) = b2 ,bar kg + 3b11075bg1 + 3b7,b1aboy + biyboskis, (A-4b)
E(y3y3,) = b2, b3, k1 4 b2,b3, + 4by1biobay by + b2 b2y 4 b2yby ks, (A-4c)
E(y1yd,) = biab, ki + 3b11barb2y + 3b12b2,bay + biabilyria, (A-4d)

E(y5;) = by k1 + 6b3, b3y + byyka, (A-4e)

with k; = % (note that x; coincides with both the fourth moment and kurtosis of

¢it, namely F(e},), thanks to E(¢;) = 0 and E(eZ) = 1). When the data generating
process is Gaussian, v; = vy = oo implies that k1 = kg = 3, and all equations (A-4)
become constant in the orthogonal matrix @ (i.e., in alternative choices of B such that
BB' =3%). Hence, the fourth moments provide no additional information to identify
B. This is because under Gaussianity, the right-hand sides of (A-4) can be written
exclusively as functions of the right-hand sides of the second-moment conditions in
(A-3). Since those second moments are invariant to orthogonal rotations, so must be
the fourth moments under Gaussianity. Instead, under a ¢ distribution, where x; # 3,
the left hand side from (A-4) vary with @, given B.. As a result, the fourth moments
provide additional information beyond what is contained in the second moments.



To illustrate the above point, we provide a numerical example by setting

1 —1.25
Bie = . A-5
’ (2 0.5 ) (A-5)

Although these parameter values are arbitrary, one motivation might be the following:
If y, includes output and prices, and €, includes a demand shock and a supply shock (in
that order), then a positive demand shock increases output and prices, while a positive
supply shock decreases output and increases prices. To highlight identification issues
that persist even as sample size grows, we work in population, assuming knowledge of
all moments of the data y,.!

Equations (A-3) and (A-4) form a system of eight polynomial equations (up to fifth
order) in six parameters, (bn? b1, ba1, boo, K1, /@2). We reparametrize the model and set

B _ [cos(0) —sin(0)
Q_Q@_<mw)C%@>’ (5-6)

a Givens rotation that produces an orthogonal matrix with det(Q(#)) = 1. This
assumption is standard in the literature (Canova and De Nicold, 2002) and loses
no generality aside from fixing the determinant (a restriction we come back to be-
low). Next, we impose v = (v,v)’, reducing the unknown parameter space from
(b1, bi2. bat, baa, K1, ko) to (6. v), and we treat B, as known (since B. is identified by
second moments alone). The value of 0 consistent with Biyye i Girue = 0.297, and we
set Uge = 6. We then use (A-3)-(A-4) to compute the fourth moments implied by
(Qtrue, vtme).Q Checking whether these fourth moments identify the model parameters
amounts to asking if the system (A-4) has a solution other than (6,v) = (firue, Vorue) =
(O.297T, 6). By construction, any 6 is consistent with the second moments alone.
Each of the three panels in Figure A-1 show the fourth moments from equation
(A-4) evaluated over a grid of #, conditioning on a value of v shown in each panel. The
moments are shown in percentage deviation from the true moments associated with
(O4rues Virue). Panel A reports the case when evaluating moments (A-4) for v = oo,
hence k; = 3, i = 1,2 (Gaussianity). Two results emerge from Panel A. First, that

the fourth moments are constant in €, showing that fourth moments do not provide

Tn Section 3 of the paper we examined our approach in finite samples, under a more realistic
data-generating process.

2These are E(y},) = 30.01, E(y3y2) = 13.64, E(y3y3,) = 27.84, E(yuys,) = 41.06 and
E(y3,) = 102.38.
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any information when the estimated model is restricted to be Gaussian. Second, that
a Gaussian model fails to match the fourth moments in the data. As an example, the
true moments F(yj,) = 30.01 and E(y},) = 2.56 imply the population kurtosis of yy;
equal to (5&%))2 = 4.57. Evaluating (A-4) using x; = 3, i = 1,2 gives E(y?,) = 19.70

and kurtosis ( ;ﬁt)))z = 3 for any value of 6, with E(y{,) being 34% below the true
value (red thick line), showing that the Gaussian model is misspecified. Since the
likelihood function of model under Gaussianity is uniquely pinned down by the first
and second moments, higher moments provide no additional information, except for
uncovering that the true fourth moments cannot be reconciled with a Gaussian model.

Things change dramatically when evaluating (A-4) using x; = 6 for ¢ = 1,2, which
coincides with the true value. The middle panel of Figure A-1 shows that the fourth
moments in (A-4) are no longer constant in 0, hence fourth moments provide additional
information for identification. In addition, it shows that there are now exactly four
values of 6 that match the five moments from (A-4): (0.297?, 0.78m, 1.26m, 1.787?)’. We
return to this residual identification issue below when we discuss normalization. In
the middle panel, we specifically evaluate the moments at the true degrees of freedom.
This step matters only if the data’s fourth moments let us infer the correct degrees of
freedom in the first place. Panel C of Figure A-1 demonstrates that using v # vy e
(specifically v = 9 here) prevents an exact match of all moments. Hence, the model’s
fourth moments — and thus the likelihood function — are informative about both the
degrees of freedom in the ¢-distribution and the elements of B.

Table A-1 clarifies how the four values of 6 identified in Panel B of Figure A-1
relate to matrix B. Following Lanne et al. (2017), the likelihood function of the ¢-
distributed model has 2! - 22 = 8 modes, which differ from Bi.. by the sign or the
ordering of the shocks. Matrix a in Table A-1 shows Bi... The remaining matrices
on the left differ from By by flipping the sign of one or both columns, while those
on the right swap the columns. From Lanne et al. (2017), we know that the model’s
likelihood peaks at these eight solutions. Economically, all solutions produce the same
impulse responses, once we account for shock ordering and sign. The four 6-values
from Panel B of Figure A-1 correspond to matrices a, f, g, and d in Table A-1. To

generate all solutions listed in the table, we can generalize the example to

yt = BC Q(e) P€t7

where P is a permutation matrix. Under this specification, 8 = 0.297 yields matrix a

A-5



Figure A-1: Illustrative example
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Note: Fourth moments are computed using equations (A-4) evaluated for B = Bep - Q, with

Behot set equal to the Cholesky decomposition of Biyye « Bjpye and @ set as from equation (A-6)

over a grid on #. The figure shows the moments in percentage deviation from the true values
associated with (Birye, Utrue). The top panel evaluates equations (A-4) for k; = 3, ¢ = 1,2, which

is associated with a Gaussian model (v; = v3 = c©). The middle and lower panel set x; implied
by v = vgrye = 6 or v = 9.

(no column permutation) or matrix b (with column permutation), but the implied @
for matrix b has determinant —1 and thus cannot be generated by a Givens rotation.
The same reasoning applies to the remaining #-solutions.

Table A-1 also shows why it is important to address the inference challenges posed
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Table A-1: Modes of the likelihood of the model in Panel B from Figure A-1

B 0 permute B 0 permute
a) (; _&'55) 0.297 no b) _5.55 ;) 0.297 yes
c) :; _&'525 0.787  yes d) igi ;) 1.787 no
e) ; ig‘z 1787 yes f) _&'55 :; 0.787 no
g) (:; igi) 1.267 no h) <i§55 :;) 1.267 yes
1 —-1.25

Note: Birye = corresponds to matrix a). The remaining matrices ¢, e, g on the left

2 0.5
differ from By up to the sign of the first or second column, or both. Matrices b,d, f, h differ
from By regarding the ordering of the columns, and sign of the columns.

by identification up to the sign and ordering of shocks. Although the eight modes
in Table A-1 are economically identical, if the posterior sampler jumps among them,
the resulting posterior approximation can be highly misleading about the genuine
uncertainty (Hamilton et al., 2007). To avoid this problem, prior work has proposed
normalization schemes (Waggoner and Zha, 2003b; Jarocinski, 2024). In the paper, we
adopt their insight of selecting parameter draws closest to a particular mode during
sampling, and we demonstrate how to implement this strategy efficiently, even in

large-scale systems.

We conclude this section by providing the derivations for the population moments

(A-4) used above. The model is given by
Y} _ bir bio 1t ’ (A-7)
Yot bar oo €2t

g [t b2 (A-5)
b21 bll

and € = (€, €) are independently ¢-distributed structural shocks with degrees of

where

freedom v = (v, v2)" and variances normalized to 1. F(e;) = 0 implies E(y;) = 0,
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i =1,2. Then

E(y,) = E(bicy + bisea)”, (A-9)
—_— E<b41€1t + 4b31€1tb12€2t + 6b21€1tb22€2t + 4b11€1tb 2€2t + b42€2t> (A—lO)
= by, B(el,) + 6b3, b3, + b1, E(e3,), (A-11)

with the last step deriving from the independence assumption between ¢1; and ¢o, and
E(ey) = 0, E(¢%) = 1. We defined k; the kurtosis of ¢;. Since ¢; has mean 0 and

variance normalized to 1, it holds that

3(v; —2)

E(el) =k; = . A-12
(ch) =i = 20— (A-12)

Hence
E(?Ji) = bl111'fl + 6b%1b%2 + b%z’f% (A-13)

while similar derivations give

E(ya;) = by k1 + 603,05, + byyka. (A-14)

Next:
E(yyn) = E(biiery + biaeay)*(bareys + baseay), (A-15)

= (6?16” -+ 3b1161tb12€2t + 3611€1tb1262t + 612€2t)<62161t + b22€2t) (A—16)
E(b3,63 byrery + 3632 biacabarery + 3byieyboeabarery + boes borer+

+ b11€1tb22€2t + 3b11€1tb1262tb22€2t + 3b11€1tb12€2tb22€2t + b12€2tb22€2t)7

(A-17)
= E(b:flEzlltbgl + 3[)116%[)?26%#}21 —+ 3b%1€%tb12€§tb22 + b%ﬁgtbm)? (A—18)
= b} ba1 iy + 3b11biabar + 307, b12ba2 + bisbaatis. (A-19)
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E(yuys) = B(biew + bizear) (barery + bagea)?, (A-20)
= E(bien + b12‘2t)<b21 €1 + 3521511:522‘% + 3b21€1tb22€2t + b22€2t) (A-21)
E(611€1t62161t + 3b11€1t621€1tb2262t + 3b11€1tb21€1t622€2t + b11€1t622€2t+

+ b12€2tb21€1t + 3b12€2tb2161tb22€2t + 3b12€2tb21€1tb22€2t + b12€2tb22€2t>7

(A-22)

= E(blll)gléllt -+ 31)116%[)21{)326325 + 3[)1263#)316%()22 + [)126326;), (A—23)

= bubglm + 3511521532 + 3b12b§1522 + b12bggf€27 (A-24)

E(ytws) = E(biier + biaear)® (barer + bygeay)?, (A-25)

= B(b3,€3, + 2byiepbiacay + b2yca,) (V3,63 4 2bg1 €14bgscoy + biyes,),  (A-26)
= B(bY, €5 by ey + by el +
+ 4byi€1biacarbar €1ibanear+
+ 07161,b35 65 + b, bonc5y), (A-27)
= by b31fn + Diobyy + Abiibiobaibos + iy by + biybasko. (A-28)

B The model

The model is given by

P
Y, = ZHlytfz +c+ U, (B-29)
1=1
= Iz, + Uy, (B-30)
Uy = Bet, (B-31)
€t|a ’U Hp Ezt|0zavz (B-32)
Eit ™ t(glv Ui)7 (B—33>
_1 F<&;_1) 52 7%7;—1
plealosv) = o702 - 2 (14 ) 7 (B-34)
7T2F(§1) i 0y

The k x 1 vector y, contains the endogenous variables of the model. The m x 1 vector

+ = (Yi_1, - Yi_p 1) contains the lagged variables and the constant term, with p
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the number of lags in the model and m = k- p + 1. The structural shocks €; are
i.i.d. with zero mean. Individual components of €;, i.e. €;, are mutually independent
and possess a univariate t-distribution, possibly with different degrees of freedom.
Following, for example, Geweke (1993), the probability density function of each shock
is parametrized according to equation (B-34), with (o;,v;) the shock-specific scale and
degrees of freedom, and v = (vy, .., v;, .., 0x)", & = (071, .., 04, .., 0x)’. As in Brunnermeier
et al. (2021) (see their footnote 11), we set the scale parameter to:
v; — 2

o; = , (B-35)

V;

which implies that the variance of each structural ¢-distributed shock is normalized to
unity,

View) =1. (B-36)

Under this normalization, the k& x k matrix B captures the impact effect of a one
standard deviation shocks.?

As in Geweke (1993), we use the following, alternative specification of the model:

p
Y=Y My, +c+U, (B-37)

=1
= H:I:t -+ Ut7 (B-38)
Ut = B\/ Dtet, (B-39)
€y ~ N(O’ I)7 (B_40)
Dt = diag(dlt7 ) dit7 i) dkt)7 (B_41)

T‘hd’i 1
diy|hs ) = di d'—hd,i_l —Tdi'g; B-42
p( t’ d, 7rd7 ) F(hd,z) 1t € ) ( )
v; v; — 2
hai = 9 gy = U2 B-4

i =5, Td 5 (B-43)

The k stochastic terms in the new specification, e;, are Gaussian with the identity
covariance matrix. The latent variables d;; are treated as unknown parameter with

inverse Gamma prior that is independent across ¢ and ¢, parametrized according to

3This normalization implies that the sct of observationally equivalent models differ only up to sign
and permutation of the shocks, but not up to the scale of the shocks (Lanne et al., 2017). We exploit
this feature in order to build the generalized LP normalization, see subsection 2.4 of the paper and
Appendix D.
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(B-42), and /D; = diag(d%t, . di%t, . d,%t). It is assumed that D, is independent of e,
for every { and s. The shape and rate parameters (hg;, 7q;:) of p(dit|ha;,7a,) arve set as
in (B-43), which comply with the normalization V'(¢;) = 1 made in the original model
specification.

Rewrite the parametrization of the model as

¢ = vec(II), (B-44)
D = diag(Dh, .., Dy, .., Dr). (B-45)

The vector ¢ is of dimensions £m x 1. The array D is sparse and of dimensions
ET x kET. The joint prior distribution for the alternative specification of the model is

p(é, B, D,v) = p(¢) - p(B) - p(D|v) - p(v). (B-46)

Our approach requires the prior on ¢ to be Normal. While we set ¢ as a-priori
independent of (B, D,wv), this modelling assumption can be removed. As discussed
above, the prior p(D|v) is given by (B-42), with hyperparameters calibrated according
to (B-43). By contrast, the prior on (B,v) can be more flexibly selected by the

researcher, as discussed below.

C Derivations of the conditional posterior distri-

butions

Posterior sampling is achieved by means of a Gibbs sampler. The conditional posteriors
for the parameters (¢, D, v) are standard in the literature and are reported here for
completeness. The conditional posterior of B is discussed in greater length and exploits

the reparametrization discussed in the paper.

C.1 Conditional posterior p(¢|Y, B, D, v)

The likelihood function of model (B-37)-(B-40) can be written as

p(Y | B, D) = (2m) % - | B[ - D]} ¢ 30 Wy (Urempurem)) wwe) (¢ yz)
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with

Y =[y1, - Yp - Y1),
y = vec(Y),

X =[xy, .., x4, .., 27,
W= (X' I).

Using (C-47), we can derive

p(d)’Yv B7 D7 U) (8 p(¢) : p(Y‘QS: B7 D)7
o o3 @V o) | 6—%(@—W¢)/((IT®B>D<IT®B'))_1(@—W¢)
= e 3@V | o3 (U-WQU G-V

o o— 3@V TI6-20'V Tt WO W20 W21 )

@Y, B, D,v ~ N (u*, V"),

Vi= (V4 W’Q‘1W)_1,
pt = VIV i+ Wy,
Q= (I ® B)D(Ir @ B').

C.2 Conditional posterior p(D|Y, ¢, B, v)

The conditional posterior for D is also standard. After defining

g, = B7 'y, — Iz,

C-12
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(C-56)
(C-57)

(C-58)
(C-59)
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model (B-37)-(B-40) coincides with g, ~ N (0, D;), hence

T k
p(D’Y* ¢7 B>U) = HHp(dit’yt7mt7H7 B?”i)v

t=1 i=1

p(dit|yy, 4, 11, B,v;) o< p(dit|has, 7a:) - p(ge|I1, B, v, Dy),

ha,i 2

(Y —hgi—1 —rg ;- ~3 . 3
o [ d,l ‘dit d,i e Td,i dit] .ditz - e 2 it7

I'(hay)
2
_(hd i"'l)_l —(T’d r|‘h)L
o<dy, TP se VT2 i
—h* -1 o
— dit di " ot dit |

. * *
dit‘yh Lt, H? B7 U~ Zr(hd7i7 rd,it)’

1
27
9%

¥ — . Jw
,d,it - ,dﬂ + 2 .

hzﬂ' = hd,i +

C.3 Conditional posterior p(v|Y, ¢, B, D)

The conditional posterior for v is

p(v|Y,1I, B, D) x p(Dlv) - p(v),

i=1

T T(fild"i hyi—1 1
yL . _ d,i _rd,i'? .
x HH F(hd,i) dzt € ¢ ] p('U)v
k ha.; T
T Tai )T‘ (dfhdl 1 —rg, dt)
-E(F(hdl) H i ] p(v),
k ha.; T
| Tai \T \—hai—1 _rdﬂ..(thll_t)] ‘
B H (F(hd,@-)) ([T dx) € @il |- p(v).  (C-72)

(C-67)

(C-68)

(C-69)

(C-70)

(C-71)

We assume prior independence across v, i.e. p(v) = Hlep(vi). Since (ha,i,Td.q)

only depend on entry ¢ of v, prior independence implies independence in conditional
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posterior:

k
p(v[Y. T, B, D) = [[ p(vsY, T, B, D), (C-73)
i=1
ha,;
p(ulY.TL, B, D) o ) ()™ e (FR ) . (e
(2 b ) Y F(}Ldyl) ot (2 )"

Last, we use a Griddy-Gibbs sampler and discretize the support for v;.

C.4 Conditional posterior p(B|Y, ¢, D, v)

Posterior sampling on B is achieved indirectly via sampling on the parametrization
A = B!, After defining

z, =y, — llw, (C-75)
model (B-37)-(B-40) coincides with z; ~ N (0, A=* D, A=), hence the likelihood func-
tion is

k r T -1
p(ZI, A, D) = (2m) "% A" (T 1] 3) - e s Eimstanitas o (co76)
t=1
with Z = [z1, .., 24, ... 2r]. Note that in fact |A| := |det(A)].
We rewrite A as

A= ALU. (C-77)

where A = diag(A1, .., Ai, .., Ax) is a k x k diagonal matrix, L and U are lower and
upper triangular matrices, respectively, of dimension k£ x k, both with unit diagonal
entries. Assuming that all \; are nonzero, the underlying decomposition of A exists

and is unique. The free entries of (L, U) are (I, u), respectively. We use the notation

vec(L) = s+ S, (C-78)
vec(U) = s + Syu, (C-79)

with (I,u) of dimension k(k —1)/2 x 1, (Sr, Sy) of dimension k? x k(k — 1)/2, s of

dimension k% x 1, and (Sz, Sy, s) having zero or one entries as appropriate. Note that

because (L, U) are triangular matrices with unit diagonal entries, the determinant of
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A evaluated in the parametrization (A, L, U) is only a function of A, namely

k
Al =TT In (C-80)
=1

Define p4(A) as the prior distribution on A. In order to write it down explicitly,
one should take a stand on the chosen parametrization of the SVAR model i.e. whether
A or B is our basic parameter. In either case our baseline prior setup assumes flat

prior. Hence two cases are of interest for us:

pa(A) < 1, (C-81)
pa(A) o< |[A|72 (C-82)

(C-81) is the case in which the researcher expresses an uninformative prior directly on
A (hence implicitly the SVAR uses A as its basic parameter). (C-82) is the case in
which the researcher expresses an uninformative prior on B, with |A|72* the Jacobian
term in the transformation from B to A, assuming the entries of B are functionally
unconstrained (Kocigcki, 2010). When evaluated in the (A, L,U), (C-82) is only a
function of \;’s via equation (C-80).

Combining (C-76)-(C-81)-(C-82) gives the conditional posterior for A:

p(A)Y, @, D,v) o pa(A) - [A|7 - ez Tima 54D Az (C-83)

In order to proceed further we need the Jacobian of the transformation from A to
(A, L,U). It may be shown that:

k
J(A = A LU) =[N (C-84)
=1

Hence, (C-83) implies the following conditional posterior jointly for (A, L, U):

k k
P\ LU, 6, D,w) o (TL NP - pa(ALU) - (Tl - e Shastvanatez,
i=1 i=1
(C-85)
K T 1
— (TII"*1)  pa(AL) - St AvEanatvs: - (cgg)
=1
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Our approach to sample from p(A, L, U|Y, ¢,D,v) consists in showing that the
conditional posteriors of A, L and U all have a common form. Starting with L, under
either (C-81) or (C-82) we can derive

p(LY, b, D, v, A, U) o< e 3 Liza U LAD ALz, (C-87)
_ o~ bveelt) ST, (V2" @A A vee( L), (C-88)
_ ety Sy (UmUrea?D; ! veel 1) (C-89)
p(l‘y? ¢7 D7 v? A7 U) O( e_%(S+SLl)IWL(S+SLl)) (C_90)
o o3 WS WLSLIT2U'S, Wrs) (C-91)
hence,

l|Y7¢7D7U7A7UNN(p’E7Vg)’ <C_92)
Vi = (SpWpS,) ! (C-93)
wh = —V;S,Wys, (C-94)

T
Wy =" (Uzzl’ » A2D; Y, (C-95)

t=1

The derivations for U are similar. Under either (C-81) or (C-82) we can derive

p(UY, b, D, v, A, L) o3 i z;U'L'AD;lALUzt7 (C-96)
_ vy ST, (ztz’t®L’ADt_lAL)vec(U)7 (C-97)
_ o dveell) Sy (im0l 2D ) vee(U)| (C-98)
p(uY, b, D, v, A, U) o e~ 3(s+50w/ Wolstspu) (C-99)
o ¢ 3 /Sy Wy Syt 2w/ Sy Wys) (C-100)
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hence

U’Y, ¢, D, v, A, L~ N(IffjaVU*) (0—101)
Vi = (SyWusSv) ™, (C-102)
py = =V SyWuys, (C-103)
T
Wy =Y (22 ® LA’D;'L). (C-104)
t=1

It remains to derive the conditional posterior for A, which is

k
P(AIY, &, D0, L,U) o (TTINITH1) - pa(ALD) - e d R S0 EADTALU= (1 05)

i=1

k
o 1 T 117/ H—0.5427m1—0.5
= (TTINIT*1) - pa(ALU) - e bRl 0D a2 bz,
=1

(C-106)
k T
- (H Mi!T*’“) pa(ALU) - e 5 Xemeiter, (C-107)
=1
k
— (H ,/\in+’€—1> - pa(ALU) - e"3 X D i (C-108)
=1
k
= L Infehret oS (C-109)
=1

where o = 0 if we adopt (C-81), or v = —2k if we use (C-82).

Let us define z; = A? . Although this transformation is not 1-1 since \; may be
both positive and negative, from standard probability we know that if A; has pdf p(\;)
then the pdf of z; is g(x;) = %x;%p(\/x_l) + %x;%p(—\/ﬁ-) , for x; > 0. Since in our
case p(y/Z;) = p(—+/Z;:), hence g(z;) = x;%p(\/x_i), it follows that

k
11
p(x1, X2, ., x|, ¢, D,v, L, U) sz 2|7 |THhAeL ¢ 3% Zszl‘:?ﬁ, (C-110)
i=1
k Thkta g 1 T 9
— HSQ 2 T3 X (C-111)
i=1
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hence

‘TZ’Y7 ¢7D7U7L7U NP( i,ﬂr;,i)a (0—112)

T 2
. thl Cit
- )

T\ 2 (C-113)
¢ = D; " LUz, (C-114)
where it holds T4k
= (C-115)
if prior (C-81) is used, and
B, = TT"“ (C-116)

if prior (C-82) is used. Note that we are using the following shape-rate parametrization

of the Gamma distribution

p(x|h,r) = St leTrE, (C-117)
Having drawn x; we set \; = /z; with probability %, or \; = —,/x; with probability
3, see Waggoner and Zha (2003a), p. 357, for an analogous treatment.

D Identification up to sign and ordering

The non-Gaussian, statistically independent nature of the structural shocks combined
with the normalization of the variance to unity implies that the model is identified
up to sign and permutation of the shocks (Lanne et al., 2017). In order to avoid the
associated multimodality of the posterior of A and B, we have to be sure that we
uncover the posterior uncertainty surrounding only one (possibly arbitrarily chosen)
mode. We achieve this via a normalization rule that builds on Waggoner and Zha
(2003b) (WZ hereafter). WZ work with the Gaussian SVAR model with variance of
the structural shocks normalized to 1, and develop the Likelihood Preserving (LP)
normalization that addresses the indeterminacy of the model up to the sign of the
shocks. We extend their method to address indeterminacy up to sign and ordering
(or permutation) of the shocks in a SVAR with independent ¢-distributed shocks. We
refer to this as the generalized LP normalization. In this section we first define the
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generalized LLP normalization and then relate it to the original specification by WZ.
Last, we show that existing combinatorial optimization techniques allow for a very
fast computation of the matrix needed to operationalize the normalization rule. This
makes the normalization rule feasible also for large models.

Let P denote the permutation matrix and P; the signed permutation matrix. Our

criterion to choose P; is

min tr{(BP, - B)A'A(BP, — B)}, (D-118)

where 6 denotes the Maximum Likelihood (ML) estimator of #.* By multiplying
matrices in (D-118) and using the fact that B = A, one can show that (D-118) is

equivalent to any of the following maximization problems:
max tr{P,AB} = max tr{ABP,} = max tr{AA'P,} = max tr{P.A'"'A'}. (D-119)

In order to appreciate the similarity of our criterion to the original LP normalization,
we show that if P, were the diagonal matrix with +1 on the diagonal, then the solution
to (D-118) would be exactly the LP normalization. Since WZ use the SVAR with its
transposed form, their (A,fl) are our (A’ Al ). Provided that P is a diagonal matrix
with +1 on the diagonal, the solution to the last formula in (D-119) amounts to
multiplying each diagonal element of A7'A by —1 if it is negative and by 1, if it is
positive. Following WZ’s notation, let e; denote the i—th column of I;. Then the
i—th diagonal element of A™'A may be written as ¢/A~'Ae; = e/ A~'a;, where @;
denotes the i—th column of A. An A draw is LP normalized if ¢;A~"a; > 0 for each
i =1,.., k. Multiplication of the i—th diagonal element of A~*A by —1 is equivalent
to multiplication of the i—th column of A by —1 since —1 - e/A™ta; = e[} A~ a; =
ei(AI¥)  a;, where I} is the k x k identity matrix except its i—th diagonal element
is set to —1. This is exactly the LP normalization for Gaussian SVARs, rewritten in
WZ’s notation.

In our general setup, we need to compute the signed permutation matrix P, that
solves one of the equivalent problems in (D-119). To this end, let us denote G = AA-1

4Note that using the notation in Proposition 4 in WZ, the minimizing function can be written
as ||BPs — Bl|¢_1, where @ = A=1A'"~1 = BB’ is the ML estimate of the covariance of the reduced
form disturbances. The weighting function Q! is important for the distance to be invariant under
changing the measurement units in the data. In particular, the solution to (D-118) remains the same

if instead of the original data y; we use Hy;, where H is any nonsingular matrix - see Proposition 5
in WZ.
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and g¢; ; the (7, j)—th element of G. We focus on max tr{P;G}. The problem is to

choose the permutation of rows of G (possibly multiplied by —1) such that tr{ P,G}
attains its maximum. At the maximum tr{P;G} = p1gr1),1 +P29x2)2 + "+ PrGr (k) >
where 7(i) denotes permutation of the row index and each p; = £1. We first note
that at the maximum each term p;g-(;),; must be nonnegative. To see it, assume, by
contradiction, that at least one p;g.;); < 0. Then by setting p; = —1 - p; we have
Prgrya + - Pign(iyi o+ PrIr(k)i < P1Ox)1 T DiGxG) T Peni) ke 1€
contradiction. Hence at the maximum:

P1Gr(1)1 + D292 + - F PeGni) e = |[P19x)1] + |P29x2)2] + - + |PEGr(i) k],
= p1llgzyal + [P2llgr@) 2l + - + [PrlGr k) k

. (D-120)

Y

= |gr@1| T |gr@2] + -+ [r) ke

This suggests the modified problem:

max tr{P |G|} = max tr{P-|AA7Y|}, (D-121)

where P is the usual permutation matrix and |G| means absolute values taken element-

+
-+ =4 |gx @),k |, hence though the space of permutation matrices is a subset of the space

wise for all entries in G matrix. At the maximum tr{P - |G|} = |gza)1| + |9r2)2

of signed permutation matrices, the maximum of the original optimization problem
(D-119) is attained by the modified (i.e. constrained) optimization problem (D-121).
When working with (D-121), finding the signed permutation corresponding to this
maximum only requires picking p; = 1 or p; = —1 such that each p;gr(;; is positive
(we omit considering the measure zero event such that G=(i)i = 0 for some 4, which
does not appear in practice).

All in all, instead of evaluating the objective function (D-118) (or D-119) for every
Py, which is computationally infeasible even for medium-scale models, we only need
to solve

max tr{P |G|} = m];n tr{P - —|G|}. (D-122)

However, the formulation in (D-122) shows that we encounter the linear assignment
problem from combinatorial optimization. The classic method to solve it is the so-
called Hungarian algorithm and its modern refinements, which are computationally
really fast. Trying many versions of this algorithm, it turned out that the built-

in MATLAB function ‘matchpairs’ is the fastest. To appreciate its computational
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efficiency, take a generic number of variables k. Set A = 10 - I, draw the entries of
B from independent N(0,1), compute G = AB , evaluate the time it takes to solve
(D-122), and repeat. The following summarizes, on average over 100,000 repetitions,
how long it took to solve (D-122): 0.000056 seconds for k& = 5; 0.00007 seconds for
k = 10; 0.0001 seconds for & = 20 and 0.0013 seconds for & = 100 (computation done
on an Intel Xeon E5-1603 v4 and 2.80 GHz). As the illustration shows, the execution
time of this optimization technique does not increase substantially even for large k,
hence making the normalization rule practical even for large models.

With our method, once we find the permutation matrix P that solves (D-122), we
have to consider the diagonal elements in PG = PAA~' = PAB. If the i—th diagonal
element in PAB is negative we change the 1 in the i—th row of P to —1, otherwise
we do nothing. Doing so we accomplish the task of finding the signed permutation
matrix that solves (D-118). This completes the computation of Ps, which is required
at every iteration of the posterior sampler.

The following algorithm summarizes the steps required for the generalized LP nor-

malization:

Algorithm 1: generalized LP normalization:

Given a target matrix A apply the following steps at each iteration of the

sampler, after drawing (A, B):

1. solve mgn tr{P - —|AB\} using a version of the Hungarian algorithm,

where P is the usual permutation matrix and ]AB | stands for the

matrix of absolute values of all entries in AB (taken element-wise);

2. if the i—th diagonal element in PAB is negative, change the 1 in the
i—th row of P to —1, otherwise do nothing. As as result, we get P
that solves (D-118);

3. replace B with BP; and A with PA.

We stress that this normalization rule can be applied to any non-Gaussian SVAR, and
not just to SVAR models with t-distributed shocks.

Recently, Jarocinski (2024) proposed an alternative but similar rule to normalize
the draws of a SVAR model with independent t-distributed structural shocks. He

used the Gaussian approximation to the likelihood function of A as a criterion. In
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particular, using our notation, his method amounts to solving

min (vec(A'P,) — vec(A")' V" (vec(A'P,) — vec(A")), (D-123)
where V is the asymptotic variance of vec(A’) i.e. the corresponding block of the
inverse of the (minus) Hessian of the likelihood evaluated at the mode. For better

comparison, let us write our criterion (D-118) as

rrlljisn[(vec(BPs) — vec(B)) (I @ Q)7 (vec(BP,) — vec(B))]. (D-124)
where 0 = A=*A"! = BB, Hence one difference between our method and his is
that we normalize B draws, whereas Jarocinski (2024) normalizes A draws. He then
assumes large sample approximation of the covariance of vec(A’) as the weighting
function, whereas we assume block diagonal covariance for vec(B) with the same block
Q (which however follows directly from the LP normalization approach). However,
the main difference lies in how we solve the underlying minimization problem. We
use the highly efficient Hungarian algorithm, whereas Jarociniski (2024) evaluates all
k! permutation matrices, see Algorithm 2 in his Online Appendix. As documented
above, the case of k£ = 20 requires about 0.0001 seconds to find the optimal permutation
matrix. Using the approach by Jarociriski (2024) requires computing 20! = 2.432902 -
10'® permutation matrices to find the one that solves (D-123).

E Summary of the algorithm to sample from the
posterior of a SVAR with t¢-distributed struc-

tural shocks

All in all, our Gibbs sampling method for sampling from the joint posterior distribution
of a SVAR model with independent, {-distributed structural shocks can be summarized

as follows:

Algorithm 2: Gibbs sampler for SVAR models with independent t-distributed

structural shocks:

0. in a preliminary step to the sampler, estimate a target matrix B =
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A~! using e.g. the maximum likelihood estimator.” Then, at each

iteration of the sampler:
1. draw ¢ from the Normal conditional posterior from equation (C-56);
2. draw L from the Normal conditional posterior from equation (C-92);

3. draw U from the Normal conditional posterior from equation (C-101)
(possibly under the additional identifyng restrictions on A);

4. draw z;’s from the Gamma conditional posteriors from equation (C-112);

5. compute A by setting each (i,4) entry either as \; = —/x; or A\; = \/z;
(with equal probability);

6. compute A associated with (A, L,U) using equation (C-77) and set
B = A‘l;

7. set B = BP,, with P, computed using the generalized LP normaliza-
tion from Algorithm 1, Appendix D;

8. draw D from the inverse Gamma conditional posterior from equation

(C-66);
9. draw v from the discretized conditional posterior from equation (C-74);

10. repeat from step 1.

To initialize the sampler one can set ¢ = vec(Il) to the OLS estimate, (I, u) to zero,
and \;’s equal to the standard deviation of the residual in an univariate autoregressive
process estimated on a training sample, in the spirit of the Minnesota prior. v can,
instead, be set at the ML estimates. If no MLE is to be computed before the sampler,
one can run the burn-in part of the Gibbs sampler without applying any normalization,
and then set B equal to the value associated with the highest evaluation of the posterior
distribution in the burn-in part of the sampler, see footnote 16 in the main text. Then,
an alternative value for the initialization of v is to be selected.

We end this section with two final remarks. First, note that placing the normal-
ization step 7 before drawing (D, v) ensures that the ordering of the structural shocks
is consistent with the ordering of the degrees of freedom. Second, note that the stored

values of B are associated with a matrix A that may not admit a decomposition via

5To estimate the preliminary target matrix B we found it convenient to use the 3-step maximum
likelihood estimator suggested by Lanne et al. (2017). This makes the procedure quite fast also for
our ten variable application from section 4 of the paper.
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equation (C-77). This fact is without loss of generality, as the decomposition is only

employed as an operational procedure to develop a Gibbs sampler.

F Additional material on the simulation exercise

The parameter values of the data generating process are

. 4
_ (060 040 (F-125)
0.70 —0.70
_ ( ) (F-126)
1.0612 —
_ (106 0.0759 (F-127)
—0.2502  1.1404
—0.0660  0.0093
_ (F-128)
—0.0253 —0.0905
a1 1
_ (—0.0641  0.0109 (F-120)
0.0286 —0.0655
—0.0530  0.0119
= (F-130)
0.0639 —0.0434
11
_ (—0.0355  0.0113 (F-131)
0.0660 —0.0304
—0.0165  0.0084
6= . (F-132)
0.0425 —0.0230

The target matrix used for the generalized LP normalization was estimated to

L (07015 03279 (F-153)
terget =\ 07271 0.7236 |



Figure F-2: Generalized LP normalization

0.5 1 1.5 2 25
posterior draws (burn in + post draws) <104

Note: The vertical red line shows when the burn-in draws end. For each of the 25,000 posterior
draws, the figure indicates if the generalized LP normalization permutes the ordering of the
columns of B (vertical values 5-8) or not (vertical values 1-4). It also indicates if the sign of the
columns of B was not changed (values 1, 5), was changed for the first column only (values 2, 6),
second column only (values 3, 7), or both columns (values 4, 8).
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Figure F-3: Comparing normalizations: our approach
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Note: Each line corresponds to the marginal posterior distribution estimated using one of the ten
pseudo datasets generated in simulation.
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Figure F-4: Comparing normalizations: Jarocinski (2024)
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Note: Each line corresponds to the marginal posterior distribution estimated using one of the ten
pseudo datasets generated in simulation.
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Figure F-5: Comparing normalizations: Lanne et al. (2017)
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Note: Each line corresponds to the marginal posterior distribution estimated using one of the ten
pseudo datasets generated in simulation.
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Figure F-6: Comparing normalizations: Gouriéroux et al. (2020)
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Note: Each line corresponds to the marginal posterior distribution estimated using one of the ten
pseudo datasets generated in simulation.
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Figure F-7: Impact effect of the shocks (B) when the normalization
targets an arbitrary matrix: B = I
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Note: The blue diamond indicates By,.... The blue dot indicates the target matrix B used for
the normalization. The red star indicates the sign/permutation of By, that is the closest to B.
The continuous line shows the marginal posterior of the entries of B from 20,000 posterior draws
when applying the generalized LP normalization.

F-30



percent

percent

Figure F-8: Robustness when computing the target matrix in the sampler
A) Degrees of freedom
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Note: In Panel A, the blue solid line shows the marginal posterior from the baseline specification
while the thick purple line shows the marginal posterior under the alternative specification. In
Panel B, the blue line and shaded areas show the pointwise median and credible sets corresponding

to the baseline estimation, while the red dotted lines show the pointwise credible sets in the
alternative specification. F-31
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Figure F-9: Robustness for 7= 1,000
A) Degrees of freedom

Demand shock Supply shock

Baseline
———— Robustness
* vi,true
10 20 30 40 50 60 10 20 30 40 50

v

B) Impulse responses

Demand shock

Supply shock

Baseline
———— Robustness
—8— True IRFs (sign/ordering)

0.5 — — — -True IRFs

percent

percent

0 4 8 12 16 20 0 4 8 12 16

Note: In Panel A, the blue solid line shows the marginal posterior from the baseline specification
while the thick purple line shows the marginal posterior under the alternative specification. In
Panel B, the blue line and shaded areas show the pointwise median and credible sets corresponding

to the baseline estimation, while the red dotted lines show the pointwise credible sets in the
alternative specification. F-32
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Figure F-10: Robustness for flat prior on A
A) Degrees of freedom
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Note: In Panel A, the blue solid line shows the marginal posterior from the baseline specification
while the thick purple line shows the marginal posterior under the alternative specification. In
Panel B, the blue line and shaded areas show the pointwise median and credible sets corresponding

to the baseline estimation, while the red dotted lines show the pointwise credible sets in the
alternative specification. F-33
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Figure F-11: Robustness for flat prior on v
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Note: In Panel A, the blue solid line shows the marginal posterior from the baseline specification
while the thick purple line shows the marginal posterior under the alternative specification. In
Panel B, the blue line and shaded areas show the pointwise median and credible sets corresponding

to the baseline estimation, while the red dotted lines show the pointwise credible sets in the
alternative specification. F-34
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Figure F-12: Robustness for looser prior on ¢ (A; = 0.2 rather than 0.1 using the
notation in Canova, 2007)
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Note: In Panel A, the blue solid line shows the marginal posterior from the baseline specification
while the thick purple line shows the marginal posterior under the alternative specification. In
Panel B, the blue line and shaded areas show the pointwise median and credible sets corresponding

to the baseline estimation, while the red dot8&l lines show the pointwise credible sets in the
alternative specification.



G Additional material on the application to the US
GDP
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Figure G-13: Forecast error variance decomposition
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Note: The black dotted lines show the pointwise posterior median from our estimation, with
corresponding 68% and 90% pointwise posterior credible sets shown with shaded areas. The
black dashed and solid lines in the top figure show the pointwise median and 90% credible sets
estimated by Angeletos et al. (2020) for the Main Business Cycle shock.
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Figure G-14: Robustness computing target matrix B in the sampler: impulse responses
A) Demand shock
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Note: The dotted line and shaded areas show the pointwise median and credible sets from the
baseline specification. The solid lines show the pointwise credible sets from the alternative spec-
ification.
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Figure G-15: Robustness computing target matrix B in the sampler: forecast error
variance decomposition

A) Demand shock

Real GDP Investment Consumption Hours worked Unemployment

| 607 T | 60 |

0 0 0
SRS SISO SECIUIRCEN SIS ARCIFN Qb&‘b,{‘vbr@

Labour share Federal funds rate Inflation Labour productivity
40

= e

Qb\‘b,{’v\"o ou%,{p,\@ Qb(‘b(‘v\@

B) supply shock

Real GDP Investment Consumption Hours worked 20 Unemployment

40 |
30
X 20
Ooucb.g,,@qp ou%,@ wa%,{»,@qg Oov%,@,@q’s O X 2,00
Labour share 0 Federal funds rate 20 Inflation Labour productivity TFP

[ ]
|

0 0 0 e
SRS O X 0,0 IRV
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baseline specification. The dashed and solid lines show the pointwise median and credible sets
from the alternative specification.
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Figure G-16: Robustness for flat prior on A: impulse responses
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Note: The dotted line and shaded areas show the pointwise median and credible sets from the
baseline specification. The solid lines show the pointwise credible sets from the alternative spec-

ification.
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Figure G-17: Robustness for flat prior on A: forecast error variance decomposition
A) Demand shock
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Note: The dotted line and shaded areas show the pointwise median and credible sets from the
baseline specification. The dashed and solid lines show the pointwise median and credible sets
from the alternative specification.
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Figure G-18: Robustness for flat prior on v: impulse responses
A) Demand shock
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Note: The dotted line and shaded areas show the pointwise median and credible sets from the
baseline specification. The solid lines show the pointwise credible sets from the alternative spec-

ification.
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Figure G-19: Robustness for flat prior on v: forecast error variance decomposition
A) Demand shock
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Note: The dotted line and shaded areas show the pointwise median and credible sets from the

baseline specification. The dashed and solid lines show the pointwise median and credible sets
from the alternative specification.
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Figure -20: Robustness for looser prior on ¢: impulse responses
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Note: The dotted line and shaded areas show the pointwise median and credible sets from the
baseline specification. The solid lines show the pointwise credible sets from the alternative spec-

ification.
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Figure G-21: Robustness for looser prior on ¢: forecast error variance decomposition

A) Demand shock
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Note: The dotted line and shaded areas show the pointwise median and credible sets from the
baseline specification. The dashed and solid lines show the pointwise median and credible sets
from the alternative specification.
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Figure -22: Robustness for p = 4: impulse responses
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Note: The dotted line and shaded areas show the pointwise median and credible sets from the
baseline specification. The solid lines show the pointwise credible sets from the alternative spec-

ification.
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Figure G-23: Robustness for p = 4: forecast error variance decomposition
A) Demand shock
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Note: The dotted line and shaded areas show the pointwise median and credible sets from the
baseline specification. The dashed and solid lines show the pointwise median and credible sets
from the alternative specification.
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