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Abstract

This paper introduces a flexible local projection that generalises the model
by Jorda (2005) to a non-parametric setting using Bayesian Additive Regression
Trees. Monte Carlo experiments show that the BART-LP model captures multi-
ple types of non-linearities in the impulse responses within the same framework.
Our first application shows that adverse financial shocks generate effects that
increase more than proportionately in the size of the shock, explaining the large
economic effects of strong financial disruptions. Our second application shows
that before Covid-19 monetary policy shocks were more effective during eco-
nomic expansions if they were contractionary shocks, while expansionary shocks

generate symmetric effects.
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1 Introduction

Estimation of impulse responses (IRFs) via local projections (LP) by Jorda (2005) has
become increasingly common in applied Macroeconometric analysis. A key feature of
the local projection estimator is that it estimates IRFs of variable g, to an innovation
to variable x; directly via linear regressions of the form ;. = Brxs + dpwy + uyip,
where w; denotes control variables. Given their flexibility, considerable attention has
been given to investigate the properties of the LP estimator, see, for instance, Stock
and Watson (2018) and Plagborg-Mgller and Wolf (2021).

In their most popular specification, LP estimators impose a linearity between ;.
and (z;,w;). This limitation implies that linear LPs cannot be used to study non-
linear effects of the shocks of interest, for instance non-linearities on the sign or size of
the shock, or on the economic conditions when the shock occurs. Some extensions of
the linear LP estimator have been proposed, but they all rely on the functional form
introduced to model the non-linearity. Jorda (2005) proposes the use of quadratic
and cubic terms. Auerbach and Gorodnichenko (2013a,b) and Ramey and Zubairy
(2018) use a smooth transition function and a threshold function, respectively. Ruisi
(2019) and Lusompa (2023) use a time varying extension of LP based on parametric
state-space models, while Inoue et al. (2024) provides a more general framework for
modelling structural shifts. Most of the parametric non-linear LP estimators can only
study one non-linearity at a time, hence failing to offer a unified framework where
multiple non-linearities can potentially interact. In addition, Gongalves et al. (2022)
document that nonlinear parametric LP estimators can fail to consistently estimate
the true conditional average response of interest when the nonlinearity is endogenous
to the system.

In this paper we propose a flexible non-linear extension of the LP estimator that
does not require assumptions on the functional form of the LP regression equation,
and that allows for multiple types of non-linearities. We propose a non-parametric LP

estimator that uses the Bayesian Additive Regression Trees (BART) model to approxi-



mate the unknown function my(z;) in the more general equation y;y, = my(2¢) +upn,
with z; = (24, w;). Introduced by Chipman et al. (2010), BART uses regression trees
as its building block. Regression trees split the space of explanatory variables z; into
sub-groups based on binary rules. The function my(z;) is approximated as a sum
of a large number of small trees. Chipman et al. (2010) show that BART is able to
approximate highly non-linear functions accurately.

We first illustrate how BART techniques can be applied in a non-linear LP esti-
mator, and we refer to this new methodology as BART-LP. We show that BART-LP
can handle autocorrelation in the error terms, a problem already discussed in the lit-
erature of linear LP estimators. We then document the performance of BART-LP
using Monte Carlo analysis. We build our simulations on three models. First, we use
the same SVAR-GARCH model employed in the simulation by Jorda (2005), where
a structural shock generates non-linear effects that affect the variance of the shock.
Second, we use a sign-dependent moving average model in which the true monetary
policy shock generates different effects depending on the sign of the shock. Third, we
use a recursive Threshold VAR model in which shocks generate stronger effects in one
of the two regimes of the model, where the transition across regimes is endogenous
to the system. We show that the same BART-LP methodology can recover the true
impulse responses in all non-linear models considered. We also show that the BART-
LP methodology works well in an environment in which the data generating process
is linear. We focus the discussion on the IRF estimation, which is separate from iden-
tification of the structural shocks. As also in Jorda (2005), we do not investigate the
topic of identification in our framework.

We apply our methodology to study whether financial shocks can generate strong
and persistent effects on the real economy in the US. To the best of our knowledge,
Forni et al. (2024) are the first to propose a model that can jointly capture the potential
non-linear effects of financial shocks over the size and sign of the shock. Their model is

parametric, and uses a cubic functional form that constrains how these non-linearities



enter the model. We use the flexible BART-LP methodology to document two main
findings. First, we show that, as in Forni et al. (2024), adverse financial shocks gener-
ate effects that increase more than proportionately in the size of the shock. Second, we
show that the parametric constraints introduced by Forni et al. (2024) cannot detect
that the increase in the size of the shock also changes the timing of the response, speed-
ing up the contractionary response of the real economy. This finding helps understand
why unprecedented large financial disruptions (for instance the 2007 financial crisis)
can generate deep recessions that are hard to predict using linear models based on
previous financial events. We show that the results are robust to the inclusion of data
from the Covid period. The analysis is part of a broader literature, see, for instance,
by Gilchrist and Zakrajsek (2012), Romer and Romer (2017) and Barnichon, Matthes
and Ziegenbein (2022).

We then apply our methodology to shed light on the debate on how effective mon-
etary policy shocks are depending on the state of the economy when the shock occurs.
While the smooth transition VAR model by Weise (1999) documents that monetary
policy shocks are more effective in economic recessions, the smooth transition LP
model by Tenreyro and Thwaites (2016) finds the opposite result. Neither model is
explicitly designed to jointly study non-linearities not only on the state of the econ-
omy, but also over the size and the sign of the monetary stimulus. We use BART-LP
to document that whether a monetary policy shock is more effective in economic ex-
pansion or recessions depends on the sign of the shock and on the sample period.
Before Covid, contractionary shocks are found to be considerably more effective in
economic expansions (as in Tenreyro and Thwaites, 2016), while expansionary shocks
generate stronger effects in recession (as in Weise, 1999). We also find that for con-
tractionary shocks, the effects increase more than proportionately as the size of the
shock increases. The results are consistent with the models by Barnichon and Matthes
(2018), Alessandri et al. (2022) and Bruns and Piffer (2023), who nevertheless do not

study multiple non-linearities within a unified framework. These contributions do not



include Covid. We document that the nonlinearity is mostly attenuated when post
Covid data is used in the analysis.

This paper relates to the literature that studies how BART techniques can be used
in Macroeconometrics. Priiser (2019) uses BART on a large set of univariate time series
models to show that BART offers a highly competitive tool for forecasting. Huber
and Rossini (2022) introduce a VAR model where the dynamics of the endogenous
variables are modelled using BART. The authors model the impact of uncertainty
shocks using their proposed model. Huber et al. (2023) extend the BART-VAR to a
mixed frequency setting and evaluate the forecasting performance of the model. Clark
et al. (2023) show that multivariate BART regression models perform well in terms
of tail forecasting. To the best of our knowledge, our paper is the first one to use
BART in an LP framework. The paper is also part of a broad literature that studies
the advantages of IRF estimation using LP estimators, relative to constructing IRF's
on vector autoregressive models. Several contributions document the performance
of LP estimators, including Gongalves ct al. (2022), Kilian and Kim (2011), Alloza
et al. (2025), Breitung and Briiggemann (2023) Herbst and Johannsen (2024), Li et al.
(2024) and Bruns and Liitkepohl (2022). While LP estimators are usually proposed in
a frequentist setting, we follow Ferreira et al. (2023a) and take a Bayesian approach to
LP, yet in a non-linear framework. In a closely related paper, Paranhos (2022) proposes
a non-linear LP where the non-linearity is captured by random forests. Chipman et al.
(2010) show that, in terms of out of sample forecasting performance, BART is highly
competitive with models such as random forests and produces more accurate forecasts
in their experiments. Moreover, BART can be used for variable selection. In the
context of the non-linear local projection, this feature provides information regarding
the possible drivers of non-linearity.

The paper is organised as follows. Section 2 presents the empirical model. Section 3
reports the results from the simulation exercise. Section 4 shows the application to

fiscal and financial shocks. Section 5 concludes.



2 Flexible local projections

In this section we outline the methodology, which we refer to as the BART-LP model,
or flexible local projections. We discuss how BART-LP approximates the unknown
conditional expectation function of local projection models, discuss the prior, and
outline the posterior sampler. We then discuss how to compute generalized impulse

responses to structural shocks within our framework.

2.1 The BART approximation

We work with the equation
h h
Yt+h = Mp (Zta w,£+)h) + €§+)h7 (1)

where ;. , denotes the scalar variable of interest, h = 0, 1, ..., H is the impulse response

(h) (h)

horizon, and egi)h satisfies E(et nlzew; +h> = (0. We aim to study how v, responds to

a change in the scalar variable x;, which is part of z;. The vector z; contains observable

control variables, possibly including lagged values of y; and contemporaneous and/or

lagged values of other variables. The vector wl(t}fr)h contains additional control variables

in the form of estimated residuals, as explained in Section 2.3. While z; is the same for

h)

every regression model £, wg n

can potentially change. The function my(.) captures

the true unknown conditional expectation function. The residual egi)h is assumed to

be normally distributed with variance o +(,fl). As noted in Jorda (2005), egi)h

is serially
correlated for h > 1.
It is common in the literature to assume a functional form for my, (2, wl(t}fr)h). The

most popular applications of LPs use a function of the type

Yern = 9(a) Pz, + (1 — g(g)) Wz, + ), (2)

with ¢; a transition variable capturing the nonlinearity of interest. The special case of



a linear model sets g(¢;) = 1, V ¢, and estimates the impulse response to a shock to
x; using the estimates for {a™}_ (Jorda, 2005). Non-linear applications typically
specify a transition variable, assume a non-linear functional form for ¢(.), and compute
non-linear impulse responses as a function of the estimates for {a(®, ﬂ(h)}tho. One
advantage of this approach is that the specification of g(¢;) and/or ¢; makes it possible
to form a clear economic interpretation of the non-linearity. One disadvantage is that
it is hard for a single parametric model to study multiple types of non-linearities within
the same framework.!

Our paper differs from the existing literature by approximating the unknown con-
ditional expectation function my, (zt, wgi)h) using Bayesian Additive Regression Trees

(BART). It is assumed that

J
h h h h h
mi(znwly) & fulze wl G D0, p®) =37 iz w00, ul),(3)
j=1

where fh,j(zt,wgi)h\l“§h),u§h)) denotes a single regression tree j at horizon h and

fn(zt, wgf_)h '™ M) denotes the sum of J regression trees. The parameters of the

regression trees are the tree structures I'" = [th), .., Ff,h)] and the terminal nodes (or
leaves) p(h) = (p,gh),, ..,uf,h),)’, with p,g-h) of dimension B; x 1 and B; the number of
terminal nodes of tree j. Each regression tree divides the space of each explanatory
variable by using binary splitting rules. Observations are assigned according to these
splitting rules, and the terminal nodes return the fitted value conditional on the split.
The fitted value of the dependent variable, based on a single regression tree, is then

given by
B

<

h h h h
gz w0, 1y = ST 100l (4)

b=1

1For example, the smooth transition formulation by Auerbach and Gorodnichenko (2013a,b) sets
g(.) equal to the logistic function, while the threshold formulation by Ramey and Zubairy (2018)
and Alpanda et al. (2021) sets g(.) equal to the indicator function. This methodology is particularly
suitable to study non-linearities over the state of the economy when the shock occurs, having specified
q: to capture how close the economy is to a recession or to an expansion.



where I(.) denotes an indicator function that equals 1 if X; belongs to the set defined by
the splitting rule implicit in th). Note that the complexity of each tree is determined
by B;, the number of terminal nodes. The functional form for f;, can potentially be
very different across h, and the researcher does not need to introduce prior beliefs as

to whether the tree structure differs considerably across horizons h.

Figure 1: Illustration of a tree (equation (5))
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The following illustration helps set the ideas. Suppose that variable y; is studied
as a function of variables (xy:, x9;) using BART. Suppose, for simplicity, that only
J =1 tree is set by the researcher, and inference on the dataset {y;, x1s, 72 }1; has
generated the following draw for the tree from the joint posterior distribution, also

shown in Figure 1:

yr =2 I(x1: < 0.5) - I (w9 < —0.2) +
42.6 - I(z1 < 0.5) - I(w > —0.2) +
+3.1- I(xy; > 0.5) - I(ze < 1.6) + (5)
+5-I(xyy > 0.5) - I(xgy > 1.6) - I(x1, < 1) +
+7-I(xyy > 0.5) - I(xgy > 1.6) - I(xq; > 1).

Suppose we aim to generate the expected value of y; conditioning on some values

(ZT1t, Tot). Then the expected value of y; depends on which part of the regression

7



tree is reached by (T, To). For instance, (5) implies E(y|Ty = 0,3y = 1) = 2
and E(y|Z1; = 0.8,T9 = 2) = 5, as can be seen from the parts of the tree that are
reached, given (Z1; = 0,T9 = 1) and (T = 0.8,T2 = 2). A draw from the joint
posterior distribution (which is informed by the data) must be viewed as a draw of the
terminal nodes and of the structure of the tree leading to the nodes. In the notation
used above, the draw of the terminal notes is p = (2,2.6,3.1,5,7), while the draw of
the tree structure I' consists of the selection of which variables are used for the splitting
(in the illustration, both z1; and x, are relevant for the splitting), the splitting values
(0.5, -0.2, 1.6, 1), the number of terminal nodes (B=5), and how deep the tree goes
(here, 2 layers). Other posterior draws from the joint posterior will generate alternative
nodes and structures, hence alternative fitted values, even conditioning on the same
covariates (Ziz, To;). If multiple trees are used, a sum of terminal nodes is used. Of
course, the full structure of the algorithm generating the trees must be informed by
the data, as also discussed below. BART can approximate potentially very nonlinear
functions. We refer the reader to Hill et al. (2020) for a comprehensive review, and to
Section A of the Online Appendix for a full illustration in a univariate model.

The model in equation (3) approximates my, (zt,wﬁ)h) using a sum of J trees.
Each tree in the sum is restricted to be small a prior: to avoid overfitting, and thus
explains a small proportion of ¥, (a ‘weak learner’). Chipman et al. (2010) show that
a low value of J reduces predictive accuracy. As J increases, predictive performance
initially improves, but this improvement tapers off, eventually. In practice, studies
such as Huber et al. (2023) note that the difference in predictive accuracy is negligible
for J > 150, and complex functions can be easily approximated using J = 200 or 250.
Caution should be given to attaching any structural interpretation to the trees. The
tree structure is only used as a tool to explore the potentially nonlinear relationship
among observables.

We stress that our paper takes BART as an off-the-shelf methodology, without

contributing to its specification nor estimation. Rather, it explores its potential for



impulse response estimation. The use of BART to approximate the relationship be-
tween ;.5 and x; has implications for the properties of the impulse responses. As the
regression trees split the space of all covariates, the estimated predictions are depen-
dent on the history of the covariates. Similarly, the shock to variable z; can lead to
predictions that differ in potentially very non-linear ways if the size and sign of the
shock lead to the covariate space where the relationship between y;., and x; is sub-
stantially different from the ‘average’ impact. This means that the same methodology
can, in principle, capture multiple types of non-linearities within the same framework.
Last, we stress that the methodology lends itself naturally to estimating impulse re-
sponses also using data from the Covid-19 period. Several parametric methods had to
be adjusted to allow for the strong outliers associated with the pandemic, see for in-
stance Cascaldi-Garcia (2022) and Lenza and Primiceri (2022). As discussed by Clark
et al. (2023) in the context of a forecasting exercise, BART can accommodate large
outliers by adjusting the estimated tree structure towards more extreme events. See
also Goulet Coulombe (2024) and Dinh et al. (2024) for related methods for studying
non-linearities in a non-parametric framework.

We now discuss estimation, and then return to a detailed discussion of non-linear
impulse responses in the BART-LP model in Section 2.4. Section 3 then documents

the performance of the methodology using Monte Carlo techniques.

2.2 Estimation

The model in equation (1) can be estimated using the MCMC algorithm described in

Chipman et al. (2010), which we summarize here for completeness.

2.2.1 Priors

The prior distributions proposed by Chipman et al. (2010) play a crucial role, as they

are devised to reduce the possibility of overfitting. The joint prior for the parameters



of the J trees of the model at each horizon h is factored as follows:

(), (i) P, ) = [T PO,
j=1

where p(uyl)]l“g-h)) = Hf:” 1 p(ul(,f})lfg-h)). The prior for the tree structure Pgh) depends
on the probability that the node at depth d = 0,1,2,.. is not a terminal node. This
prior probability is given by a(1 + d)=® where o € (0,1) and 8 > 0. Higher values of
[ and smaller values of o reduce this probability and impose a stronger belief that the
tree has a simple (i.e. shorter) structure. We follow the recommendation by Chipman
et al. (2010) and set o = 0.95 and = 2. The prior for the threshold value ¢ implies
that this parameter is assumed to be uniform over the range of the values taken by
the variables. In the default setting, the choice of splitting variables is also assumed
to be uniform across the regressors.

To define p(ugh)ﬁ‘gh)) Chipman et al. (2010) first transform the dependent variable
so that it lies between —0.5 and 0.5. As a consequence, my, (zt, wii)h) is also expected
to lie between these values. The prior p(ugh)\F§h)) is assumed to be normal N(0,.5).
The variance S is set as m, with x set to 2, the value recommended by Chipman
et al. (2010). Under this default prior, there is a 95% probability that the conditional
mean of the dependent variable lies between —0.5 and 0.5.

A conjugate inverse x? prior is used for the variance af +(,fl). The hyperparameters
of the prior distribution are set by using an estimate &f +(Sh) of the variance obtained

from a linear regression. If the true model is non-linear 63 +§h) will be biased upwards.

Under the default prior, the hyperparameters are chosen so that Pr(agﬁ)s < 6&)3) =0.9.

The total number of trees J is fixed.

2.2.2 MCMC algorithm

The MCMC algorithm devised by Chipman et al. (2010) samples from the conditional

posterior distributions of af +(,?) and the parameters of the regression trees in each

10



2

iteration.” Each iteration of the algorithm samples from the following conditional

posteriors:

1. conditioning on the tree structure, the error variance can be easily drawn from

the inverse Gamma distribution;

2. the conditional posterior distribution of the tree structure is not known in closed

form and a Metropolis-Hastings algorithm is used. Define R;h) as the residual:

R =y = fznwD T, w®). (7)
i#]

The j — th tree is proposed using the density ¢(I'}”,T'9¥). Chipman et al.
(2010) use a proposal density that incorporates 4 moves: (i) splitting the node
into two new nodes (grow), (ii) transforming adjacent nodes to terminal node
(prune), (iii) changing the decision rule of an interior node (change), (iv) swap-
ping a decision rule between a node that is above and the node before it (swap).
The probabilities associated with these moves are fixed at 0.25,0.25,0.4 and 0.1

respectively. The proposed tree structure I} is accepted with probability
o _ A T PRI, o f)p(T5e) @

o new h o M
q(T'g, Ty )p<R§' )|Fjld7 ot n)p(I5)

where p(R;|I';,02%) is the conditional likelihood and p(I';) denotes the prior.
This step is repeated for j = 1,2, .., J trees;

3. the conditional posterior distribution of the terminal node parameters is Gaus-
sian with the parameters known in closed form. Therefore, the draw of ugﬁ) for

j=1,2,..,J can be carried out in a straightforward manner;

4. given a draw of the model parameters conditioning on (z¢, wﬂ?h), the predicted

Intuitive descriptions of this MCMC algorithm can be found in Clark et al. (2023) and Hill et al.
(2020).
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value can be computed as

J B
(h (h
thu ztth |F ) ZZI Ztth+h :ug,b)’ (9)
7=1 b=1
with [(zt,wgi)h) an indicator function equal to 1 if (zt,wgi)h) belongs to the

splitting rule implied by [th), o th)].

2.3 Autocorrelation

The residual term in LP models is known to be autocorrelated, a feature that must
be taken into account in the estimation. In the case of linear local projections, it
has been shown that the residual at horizon h follows a MA(h — 1) process, see
for instance Lusompa (2023). Lusompa (2023) suggests a GLS procedure whereby the
autocorrelation is eliminated by including leads of the LP residuals from horizon A = 0
in the conditioning set.?

The non-parametric setting considered in this paper encompasses non-linear mod-

els. For the purpose of illustration, consider a simple non-parametric AR(1) model
Yer1 = v(Ys; A1) + €11 (10)
Iterating the process forward 3 periods as an example gives

Yrz = v(0(ye; A1) + €413 A1) + eigo,

Yirs = v(v(0(y; Ar) + eri1; A1) 4 erpa; A + eys.

It is useful to compare this with a BART-LP for this horizon:

Yirs = fa3(l s, pas) + 61(5-333' (11)

3Lusompa (2023) suggests an efficient strategy that transforms the dependent variable of the LP
regressions and does not require one to explicitly include the horizon 0 residuals as regressors.

12



The function f3(y:|I's, p5) approximates the non-linear relationship between y; and its
lead, but does not account for the dependence between the dependent variable and
lagged shocks. Thus in this setting, the residual et +3 is a non-linear function of e;
and e;, o, and has a non-linear autocorrelation structure.

In general, the Voltera expansion of any non-linear time-series shows its complex

dependence on past shocks:

[o ol e S INNe o]

Z(bet z+ZZCmet i€t— ]+ZZZ¢Z]€t i€t—j€1— .. (12)

=0 i=j =0 =0 k=0

To account for this autocorrelation, we propose to include an estimate of the shocks,

'wgﬁ)h = (ét+1, ét+2,--~a ét+h—1)7 (13)

as additional covariates in the h—period BART-LP. Following Lusompa (2023) we

(h)

i+n at every horizon h > 1 using the residuals of the period i = 0 flexible

construct w
T _ (0) (o) (0) (O — 0) _ :
local projection y; = fo(z, w; ' [T\, ') + ¢, with w;’ = 0. Then, the flexible

local projection for period h is specified as
Yern = fn(z1, wii)h '™ )) + €§+)h7 (14)

with 'wgi)h from equation (13). The BART approximation of the true non-linear func-
tion my, (24, wﬁﬁ)h) proxies the non-linear dependence of y;1j, on €iy1, €149 ..., €141 and

(h)

ameliorates the autocorrelation in ¢, h

It is important to note that alternative methods for dealing with autocorrelation
in LPs have been proposed in the recent literature and these are also easily applicable
in the proposed framework. For example, Montiel Olea and Plagborg-Mgller (2021)
show in the context of linear LPs that lag augmentation can preclude the need to
use autocorrelation robust standard errors. In contrast, Ferreira et al. (2023b) modify

the posterior distribution for the error variance in their Bayesian LP by using an

13



autocorrelation robust scale matrix. Contrary to these methods, we account for the
autocorrelation structure of the error terms thanks to the inclusion of the estimated
residuals wg?h. The Monte Carlo exercise from Section 3 finds that omitting wﬂi)h
from BART-LP leads to a loss in the efficiency of the estimator, see Figure E.7 in the
Online Appendix. Section C in the Online Appendix shows that error bands display
reasonable coverage at short and medium horizons.

Frequency of components of covariates used in splitting rules can be used to judge
the importance of variables in driving the non-linearity (see Chipman et al., 2010
section 3.2). Chipman et al. (2010) recommend setting the number of trees to a small
number for this exercise. This is to reduce the regularising influence of the prior and to
encourage regressors to compete for inclusion as a splitting variable. Variable selection
can be monitored by computing v; = % kf: Zik, where K denotes the number of MCMC

=1

iterations, 7 is the i-th regressor and z is the fraction of splitting rules that use this

variable.

2.4 Generalized structural impulse responses

The computation of impulse responses to structural shocks relies on two conceptually
different pillars: an identification scheme for the structural shock of interest, and a
computational procedure to generate impulse responses. Our paper aims to advance
the literature on the latter, without investigating the topic of identification in a non-
parametric framework. We do acknowledge that identification is an important com-
ponent of impulse response analysis, but stress that identification in a non-parametric
framework goes beyond the scope of this paper, and mainly focus the analysis on
impulse response computation.

Define y, a k x 1 vector of random variables of interest at time ¢, with x; potentially
one of the entries of y,. Define ¢, the k x 1 impulse response of y,,, to a structural
shock to variable x equal to € h periods after the shock. Define ¥, a generic entry of

y at period ¢t + h, and ¢;, the corresponding entry of ¢,;. To simplify the illustration,

14



omit term wgf_)h from equation (1) and specify BART-LP as
Yren = mn(z¢) + E,EZ),L. (15)

Estimating impulse responses with model (15) requires two steps:
a) specify z; and estimate (15) using the Bayesian procedure outlined in Section 2.2;

b) use the estimated model to generate D independent predictions of y;, for z; =
z% and z; = 2!, with 2° capturing the covariates at the time when the shock
occurs, and z! differing from 2z° by the shock €. Compute generalized impulse

responses as in Koop et al. (1996):

_Zlim(z) Xl ma(z)
D D

On (16)
Identification affects step a), in that different identification strategies imply different
specifications of z;. By contrast, the actual type of non-linear impulse responses affects
step b), in particular the definition of 2°. Possible non-linearities associated with the
sign and size of the shock are modelled by appropriately selecting the sign and size
of €& (16) is similar, in spirit, to what Gongalves et al. (2022) refer to as conditional
average responses, as it averages out all other random terms in the model, and the
shock of interest is not specified infinitesimally.

20 captures the values of the covariates when shock € hits the economy. As such,

O simulate different states of the economy at

different candidate specifications for z
which the shock hits the economy. As an example, state contingent impulse responses
that simulate a shock occurring in recessions will set z° to capture a prediction for v,
formed in a recessionary period. One way to do so is to select the periods in which the
economy is in a recession, for instance based either on the NBER classification or on

the value of real GDP growth relative to a threshold value, and then set z° equal to

the sample average of z; restricted to such recessionary periods. To compute, instead,
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U equal to the average

a shock that occurs in normal economic times, one can set z
of z; computed in the full sample. BART-LP allows for extensive flexibility over the
specification of 2°, hence over the state of the economy when the shock occurs. Having
set 20, the calibration of the shock ¢ captures the size of the shock. Non-linearities
across the sign and size of the shock will be simulated by appropriately setting the
value of €.

It remains to identify the structural shocks of interest. Multiple options are avail-
able, which borrow from the existing literature on linear LP estimators. We refer
the reader to Section B of the Online Appendix for a detailed discussion of how each
approach can be coded within BART-LP. In short, BART-LP can be combined with
three broad identification strategies, which all enjoy strengths and weaknesses. A
first approach is to follow Jorda (2005) and rely on a separately estimated linear VAR
model to identify the impact effect of the shocks of interest across a vector of variables.
While this approach can conveniently exploit several identifications strategies already
available for VAR models, it is subject to the important limitation that it imposes
linearity in the impact effect of the shocks. Moreover, shock identification in a VAR
model requires invertibility and as discussed in Stock and Watson (2018), the endoge-
nous variables in the VAR should be chosen so that the reduced form residuals span
the space of the structural shock(s) of interest (see also Forni and Gambetti (2014)).
A second approach is to follow Barnichon and Brownlees (2019) and Plagborg-Mgller
and Wolf (2021) and replicate a recursive scheme within LP by using an appropriate
set of control variables. This approach avoids using two-step procedures, yet it is
more limited in the set of identifying restrictions used. A third approach is to use a
proxy for the shock as a regressor or as an instrument for an endogenous covariate.
One simple way to implement the latter approach is to assume a linear first stage
and regress the endogenous regressor on the instrument and the set of controls z; and
include the fitted value as a regressor of interest in the main model. Note that this

requires the instrument to be correlated with the shock of interest (relevance), to be
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contemporaneously uncorrelated with other shocks (contemporaneous exogeneity) and
to be uncorrelated with shocks at lags and leads (lag and lead exogeneity). As noted
in Stock and Watson (2018), including appropriate controls in the LP is crucial in

ensuring that this final condition is satisfied.*

3 Monte Carlo simulation

Since most of the existing parametric non-linear LP estimators can typically focus on
only one non-linearity at a time, the specification of these models must be adapted each
time in light of the specific non-linearity considered (see, for instance, the discussion
in Barnichon, Debortoli and Matthes, 2022). We use Monte Carlo simulations to
show that the same BART-LP methodology can, instead, recover the true non-linear
patterns of very different non-linear models. We use three different data generating
processes to study three different types of non-linearities: over the size of the shock,
the sign of the shock, or the timing at which the shock occurs. Simulation results
suggest that the same BART-LP can recover the true impulse responses irrespectively
of the underlying non-linearity of the model. We also show that BART-LP performs
well when the data generating process is linear.

In all simulations, we generate T = 300 observations, discard the first 100 obser-
vations and use the remaining 200 observations for estimation, as in Jorda (2005).
BART-LP is estimated using J = 250 trees, adding the estimated fitted residuals to
control for autocorrelation and generating 2,000 posterior draws. Each simulation is
repeated 500 times. Unreported analysis confirms that the results further improve
when the sample size increases to T' = 500, as expected. Figure E.7 in the Online Ap-
pendix documents the loss of efficiency in the estimation of the impulse responses when

omitting the residual wgi)h from BART-LP for all the simulated models considered,

“Note, however, that the conditions in Stock and Watson (2018) pertain to a linear LP and it
is likely that the non-parametric nature of the proposed model requires more stringent conditions.
For example, if the dependent variable in the LP is a non-linear function of past shocks, then this
dependence should be accounted for by including appropriate control variables.
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see the discussion in Section 2.3.

Impulse response estimation via local projections can be subject to large variances
(Li et al., 2024) and finite sample biases (Herbst and Johannsen, 2024). The sim-
ulations in this section and the analysis in Section C in the Online Appendix both
suggest that the variance from the estimation of BART-LP is not quantitatively large.
Figure E.4-Figure E.5-Figure E.6 in the Online Appendix confirm that the results of
the analysis hold also for 7" = 100, suggesting that finite sample issues do not neces-
sarily invalidate the methodology. See also Ho et al. (2024) for an alternative and very
general approach that estimates impulse responses via prediction pools across multiple

models.

3.1 SVAR-GARCH model: size of the shock

The first model we use for simulations is the model from Section III.B in Jorda (2005),

Yit Yit—1 \/h_t€1t
yu | = A yoyy | + B+ | o |, (17)
Yst Yst—1 €3¢
(€14, €z, €31) = € ~ N (0, I3), (18)
hy = 0.5+ 0.5 1 + 0.3/hy_1€1-1, (19)
—1.75 0.5 —0.25 0.25
B=| -15 A=107 025 025]-. (20)
1.75 —0.25 —0.25 0.75

In this model, each shock i affects only variable ¢ contemporaneously, while all shocks
affect all variables after one period. Contrary to the second and the third shock,

the first shock features time-varying variance, and the size of the shock matters non-
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linearly for its propagation through the system.’

Figure 2: SVAR-GARCH - true and estimated impulse responses

Y3

—F— True GIRF
[ BART-LP 90%

We use a simulation exercise to study how well the BART-LP methodology recovers
the true impulse responses associated with a shock to yy; of size 1. We first use
generalized impulse responses to simulate the true impulse responses associated with
€1t = 1. Then, on each generated dataset, we estimate BART-LP by setting the
first entry of z; equal to the contemporaneous realization of the first shock and two
lags of all three variables. We compute the median generalized impulse responses by
simulating a shock € = 1, setting z° equal to the sample average for each horizon h. We
replicate the analysis 500 times and store the pointwise median responses estimated
using BART-LP.

Figure 2 reports the results of the analysis. The squared black line shows the true
generalized impulse responses. The shock increases y;; on impact by 1 and generates
no contemporaneous response in (ya, ys3:). It subsequently generates an oscillating
pattern in all variables. The continuous line and the shaded area report the pointwise
median and 90% band computed over the median response across the 500 simulations.

The first result documented in Figure 2 is that BART-LP correctly detects that only

5We code the simulation exercise following the exact code available in the replication files from
Jorda (2005).
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Y1 contemporaneously responds to e;. This result is not imposed by the BART-LP
methodology, contrary to a linear recursive VAR model or to linear LP estimators
where the shock is identified using controlled variables (Barnichon and Brownlees,
2019). BART-LP correctly detects that (ya,ys) take at least one period to respond to
the shock, as indicated by the 90% band for these variables containing zero on impact.
The second result documented in Figure 2 is that BART-LP captures well the full
dynamic evolution of all variables at several horizons of interest. BART-LP detects
the oscillating pattern of all variables, including the zero long run effect of the shock

on all variables.

Figure 3: SVAR-GARCH - comparison to parametric cubic LP
A) Cubic evaluated at the mean

Y2 Y3
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B) Cubic evaluated above the mean
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107 4r 5

—F— True GIRF
[ BART-LP 90%
——¢— Cubic LP, 50%, 90%

20



We compare how BART-LP performs relative to parametric non-linear LP estima-
tors. It is not immediately clear which option is best suited for this comparison given
the specific data generating process at hand. We use the cubic local projection by
Jorda (2005) because it is one of the few existing parametric non-linear LP specifica-
tions that can jointly address multiple non-linearities (over size, sign and history), a
feature which we argued is also a convenient feature of BART-LP. On each replication
we estimate the cubic LP as in Jorda (2005). We then compute two impulse responses,
which differ depending on the history at which the responses is evaluated: at the mean
of the data (discussed but not reported by Jorda, 2005) or at five standard deviations
from the mean (reported by Jorda, 2005 in his Figure 3). We report the median and
the 90% band of the OLS estimator over 1,000 replications.

The comparison is shown in Figure 3. As discussed by Jorda (2005), evaluating
the cubic LP at the mean of the data captures the correct shape of the true impulse
responses, yet it quantitatively underestimates the overall effect. By contrast, evalu-
ating the cubic LP away from the mean does a better job only when focusing on the
median effect, while implying a higher variance. It follows that the cubic LP estimator
requires careful selection of the initial conditions and potentially leads to high vari-
ance. By contrast, BART-LP works well both on the mean and the variance. In the
rest of the Monte Carlo exercise we omit further comparisons to parametric non-linear
LP estimators. The aim of the exercise is not to inspect if BART-LP can recover
the data generating process more successfully than any parametric non-linear LP. The
aim it to show that BART-LP does not require adjusting to a specific non-linearity, in
that the same method can address very different types of non-linearities. By contrast,
parametric non-linear methods need to be fine tuned to capture one non-linearity or

the other.
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3.2 Nonlinear Moving Average model: sign of the shock

The second model we use for simulation is

20 20
Y = Zﬁgdp, 1" Egdpt—t + Z:Bn,l “Crp—l T (21)
=0 =0
20
+) [5%1 Mg 2 0) + Brpy Ueppim < 0)} CEf s (22)
=0
€ ~ N(0,1), (23)

withy, = (gdpt, e, f ft)l a vector containing real GDP, inflation, and the federal funds
rate, and € = (€gapt, €ty €rf f)l a vector of structural shocks. The model is a moving
average process of order 20 driven by three structural shocks: a GDP shock, an inflation
shock, and a monetary policy shock. The monetary policy shock affects the variables
differently at each horizon ¢t + h depending on whether the monetary policy shock at
time ¢ is positive or negative. The true impulse responses are captured by {Bgdp’ e
for the GDP shock, by {3, ;}72, for the inflation shock, and by {,B?ﬁ b By, 3, for
the positive and negative monetary policy shock.

We calibrate the model following an approach similar to Barnichon and Brownlees
(2019). We first estimate a recursive VAR model on US real GDP, inflation and the
federal funds rate to estimate linear impulse responses to a GDP shock, an inflation
shock and a monetary policy shock. We then set {,Bgdp,l, B B;f,l}?go equal to the
estimated impulse responses to three shock: the GDP shock, the inflation shock, and
the monetary policy shock. Last, we set ﬁ}“ﬁl = By, for every [, with two exceptions:
(1) at horizons | = 2,3 the first entry of 5}},1 equals 3 times the first entry 8;;;, and
(2) at horizons | = 7,8, .., 16 the second entry of B}Ff,l equal 3 times the second entry of
By, This implies a data generating process in which positive monetary policy shocks
affect output and inflation 3 times more than negative shocks in the short term (for
output) and in the medium term (for inflation) horizons.

We design the simulation exercise as follows. On each generated dataset, we esti-
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Figure 4: Sign-dependent Moving Average - true and estimated impulse responses
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Note: The response to a negative shock has been flipped in sign to improve comparison.

mate the BART-LP model by setting the first entry of z; equal to the contemporaneous
realizations of the monetary shocks and two lags of all three variables. We compute
numerically the median generalized impulse responses by simulating a shock of size
€ =41 or ¢ = —1, setting z° equal to the sample average for each horizon h. Last,
we replicate the analysis 500 times and store the pointwise median responses from
BART-LP.

Figure 4 shows the impulse responses. The (+) and (—) lines show the true impulse
responses associated with a positive and a negative monetary policy shock, respec-
tively. The responses to a negative shock are reported with flipped sign to improve
the comparison. By construction, the true response of the federal funds rate does not
change in the sign of the shock, while the true response of GDP and inflation is 3 times
stronger in response to a positive shock in selected periods. The blue and grey shaded
areas report the 90% pointwise posterior bands associated with the BART-LP model
following a positive and a negative shock, respectively. BART-LP correctly detects
several features of the data generating process. First, that the impact effect of the

monetary shock on GDP and inflation is zero, a feature that is not introduced as an
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Figure 5: Sign-dependent Moving Average - difference in the positive and negative
response to a monetary policy shock
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identifying restrictions, but that is found by estimation. Second, that the response
of the federal funds rate is symmetric, as shown by the 90% bands in response to a
positive and a negative shock being effectively identical (up to the sign), a feature
not introduced by construction in our methodology. Third, that GDP and inflation
respond more strongly to a positive than to a negative shocks in selected horizons, and
largely symmetrically in other horizons. The negative response is estimated correctly
qualitatively and quantitatively, with the true impulse response sitting approximately
in the middle of the bands. The estimated positive response is qualitatively correct
although it somewhat underestimates the true response, especially for inflation.

Figure 4 only reports the pointwise marginal distributions, hence it cannot fully
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display the strength of the asymmetry in the response to positive and negative shock.
Figure E.5 complements the analysis by reporting, for different horizons h, the dis-
tribution of the difference in the absolute values of the responses to a positive and
negative shocks. Under symmetry, this difference should be centred at 0. The figure
shows that the distribution for the federal funds rate are always centred at 0 for all
horizons, consistent with the data generating process. In the short horizon, BART-LP
correctly detects that GDP responds more to a positive than to a negative shock. For
horizons 2 and 3 it attaches as much as 88% and 95% posterior probability to the event
that the response to a positive shock is stronger than to a negative shock, in absolute
value. This event is indeed true in the data generating process. Last, BART-LP also
correctly detects that inflation responds more strongly to positive shocks than to neg-
ative shocks at horizons 7 to 16. The posterior probability attached to the difference
in the impulse responses being positive is between 75% and 85%, depending on the
exact horizon considered. Last, the posterior probability mass is equally spit between
a stronger and a weaker response to a positive relative to a negative shocks for the

horizons in which the data generating process is indeed symmetric.

3.3 Threshold VAR model: timing of the shock

The third model we use for simulations is

vy, = Ly, + Bie] - Ly -1 <0) + oy, ; + Boey] - L(ys—1 > 0), (24a)
€ ~ N(0,I), (24b)
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with y, = (yltay2t7y3t)/7 € = (Glt, 621&7631&)/ and

025 —0.25 0.25 0.10

=102 025 02|, Bi=|-020 0.15 25)
—0.25 —0.25 0.15 0.10 —0.10 1
0.50 —0.25 0.25 0.10 0

=1 125 050 0.25], By=1-020 015 0 (26)
—1.75 —1.25 0.15 0.10 —0.10 0.40

The model is a recursive Threshold Vector Autoregressive model that jumps across two
regimes depending on the evolution of the third variable. See, for instance, Casteln-
uovo and Pellegrino (2018). Note that the non-linear evolution of the system is endoge-
nous rather than exogenous, making inference potentially more challenging (Gongalves
et al., 2022).

We first compute the true generalized impulse responses to a positive one-standard-
deviation shock to ys; in regime 1 by setting the initial condition of the impulse re-
sponse to y, = 0 and generalizing over contemporaneous and future structural shocks.
We then study how well the BART-LP estimator recovers the true impulse responses.
On each generated dataset, we estimate the BART-LP model by setting z; equal to
all three contemporaneous variables as well as two lags of the variables.® We hence
identify the model by controlling for contemporaneous variables to achieve recursive
identification. We then compute the median generalized impulse response by simulat-
ing a shock € = +1, setting 2° equal to the sample average for each horizon h, except
that the entry for ys; is set to 0. Last, we replicate the analysis 500 times and store
the pointwise median responses for the BART-LPs.

The top panel of Figure 6 shows the results of the exercise. The shock hits the

system when the system is in regime 1. Under linearity, the model would stay in

5We use two lags of the variables for comparability with the Monte Carlo exercises run so far. The
results remain unchanged when using one lag, as suggested by the data generating process.
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Figure 6: Threshold VAR model
A) True and estimated impulse responses
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regime 1, with an impulse response uniquely pinned down by (IIy, B;) and shown by
the continuous red line. Instead, the non-linearity of the model implies an endogenous
evolution across regimes, in accordance with the endogenous response of ys;. The
squared black line represents the true generalized impulse responses. The two lines
differ. The impulse response estimated via BART-LP correctly estimates the true
generalized impulse response. First, the model captures very well the zero impact
effect of the shock on ¥, y2, even though the methodology does not impose this feature.
Second, the model correctly captures the dynamic evolution of all three variables. It
detects that the endogenous evolution across regimes makes the response of the first
two variables more pronounced compared to a linear model that remains in regime 1.

As we argued in Section 2.3, an additional convenient feature of BART-LP is
that it estimates how frequently each regressor is used as a splitting variable in the
tree structure from the posterior distribution. Contrary to the models considered
so far, the TVAR model lends itself particularly well for this analysis, because we
know that ys; should play a prominent role in the splitting of the covariate parameter
space. The middle panel of Figure 6 shows the results from the simulation exercise.
For each variable, it shows how frequently each covariate was used as a splitting
variable, computed across all covariates and across all replications. BART indeed
correctly detects that ys; is more relevant as a splitting variable compared to any
other covariates, which is in line with the data generating process. The lower panel
of Figure 6 complements the analysis by reporting the impulse responses estimated
from the parametric Threshold VAR model by Alessandri and Mumtaz (2017). While
assuming knowledge of the true parametric form of the model does deliver tighter
posterior impulse responses, we find that BART performs very well without needing

to assume a fuctional form for the data generating process.
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3.4 Linear VAR model

We conclude the simulation exercise by documenting how BART-LP performs when
the data generating process is linear. We start from the threshold VAR model from
(24). We then set II; = II; and By = By, reducing a model to a linear VAR model of
order 1. We then study the response to the third shock of the model, as in Section 3.3.

We design the simulation exercises as in Section 3.3. We first compute the true
linear impulse response to a positive one-standard deviation shock to ys;. Then, on
each generated dataset, we estimate BART-LP by setting z; equal to all three con-
temporaneous variables as well as two lags of the variables. We use this procedure
to identify the last shocks of the model recursively. We store the median generalized
impulse response over 500 replications.

Figure 7: Linear VAR model
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The results of the analysis are shown in Figure 7. The shaded blue area is com-
puted as in the previous figures and reports the pointwise 68% bands across median
impulse responses. The bands show that BART-LP captures the true linear impulse
responses perfectly well. This holds true both on impact and at every future horizon.
We then explore if BART-LP successfully detects that the impulse responses of this
data generating process do not change depending on the initial condition that hold at
the time at which the shock hits the system. The blue dashed line shows the point-

wise median value associated with the blue bands, where the generated impulse are
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computed conditioning on the average sample value of the covariates. The starred
and circled red lines show the median impulse responses when replicating the analysis
by simulating impulse responses setting the initial condition to randomly extracted
periods in which the first variable was positive or negative, respectively. Since the
data generating process is linear, the true impulse responses do not depend on the
initial condition in which the shock hits the system. The BART-LP methodology
successfully detects that the impulse responses are linear and independent from the
initial condition. All in all, BART-LP proves to perform successfully both in variety

of non-linear worlds and in a linear environment.

4 Empirical analysis

In this section, we apply the proposed model to two recent issues that have featured
prominently in the empirical literature on non-linear macroeconomic dynamics, one

on financial shocks, the other on monetary shocks.

4.1 The non-linear effects of financial shocks

Several contributions in the economic literature have studied if financial market dis-
ruptions can have strong effects on the real economy. While previous research has ad-
dressed this question using linear models, Barnichon, Matthes and Ziegenbein (2022)
document that the effects of financial shocks are stronger in response to adverse shocks
compared to favourable shocks. This result helped reconcile existing empirical find-
ings from linear models, which drew contradicting conclusions as to whether financial
shocks can or cannot generate long and deep economic recessions (Romer and Romer,
2017 and Gilchrist and Zakrajsck, 2012, respectively). Forni et al. (2024) reconsider the
results by Barnichon, Matthes and Ziegenbein (2022) by studying two non-linearities
within the same framework, and find that the results by Barnichon, Matthes and

Ziegenbein (2022) mainly hold in response to large shocks, but not to small shocks.
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The model used by Barnichon, Matthes and Ziegenbein (2022) and Forni et al.
(2024) are parametric, and only use pre-Covid data. We use our BART-LP method-
ology to reassess their results in a non-parametric framework, and study if the results
are sensitive to using the Covid period in the analysis. In particular, we use BART-LP
to assess how the joint non-linearities documented by Forni et al. (2024) change if one
does not introduce their cubic functional constraint on how the two non-linearities
interact. We set vy, from equation (1) equal to six possible variables: (1) the an-
nual growth of industrial production, (2) the annual growth of CPI inflation, (3) the
unemployment rate, (4) the excess bond premium by Gilchrist and Zakrajsek (2012),
(5) the stock returns, and (6) the federal funds rate. The results are insensitive to
monotone transformations of the data, see Chipman et al. (2010). The data is monthly
and runs from 1973M1 to either 2020M2 or 2024M12, depending on whether the Covid
pandemic is included. We add 6 lags of all variables.”

Since our contribution is closely related to Forni et al. (2024), we ensure compa-
rability by using their same identification strategy, which, in turn, builds on Gilchrist
and Zakrajsek (2012). We identify the financial shock as the shock that affects fast
moving variables, but not slow moving variables. We estimate a preliminary linear
SVAR model using the above ordering of the variables and estimate the impact vector
associated with the entry of the excess bond premium in a recursive identification.
A shortcoming of this approach is that it relies on a parametric model to study the
impact effects of the shocks, exploiting the non-parametric part of the model only from
the second month from the shock. In addition to improving comparability with Forni
et al. (2024), this modelling strategy has the advantage that it allows calibrating the
financial shock to generate an impact effect of the excess bond premium of an intended
size. This allows inspecting how the results progressively change when the shock is

marginally increased to generate impact variations in the excess bond premium be-

"The excess bond premium is downloaded from the federal reserve website. Stock returns are
calculated using the Standards and Poor total return index obtained from Global Financial database.
The remaining variables are taken from the FRED database.
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tween 50 and 300 basis points.® We simulate positive and negative shocks, considering
either a shock € that moves the excess bond premium by 450 basis points or by +300
basis points. We set 2° equal to the sample average of z,. We set the number of trees
to 500 and use 4,000 posterior draws, with a burn-in of 2,000 draws. The code takes
approximately one hour to run.

The results of the analysis are shown in Figure 8-Figure 9, which report the impulse
responses associated with the small (Figure 8) and the large (Figure 9) exogenous
variation of the excess bond premium. The figures report the results using both the
sample until before Covid (top panels) or the full sample (bottom panel). All panels
report the response to an adverse shock and to a favourable shock, interpreted as shocks
that increase or decrease the excess bond premium, respectively. The response to
favourable shocks has been multiplied by -1, to improve the comparison. The response
of industrial production and CPI is shown as the cumulated average response. The
figure reports the pointwise median response together with the 90% posterior coverage
bands.

Figure 9 shows that when the magnitude of the financial shock is relatively small,
systematic evidence for differences in responses across the sign of the shock is largely
absent irrespectively of the sample size used for the analysis. The timing and scale
of the response of industrial production to a favourable shock is largely the mirror
image of the response to an adverse shock. The stock market response is stronger
and more long-lasting in response to an adverse shock, a result consistent with the
more persistent response of the excess bond premium. Yet, this asymmetry does
not result into an asymmetric response of the real economy. The results hold under

both samples: the only detectable difference when also using post-Covid data is that

8While the linear VAR identification approach used in this application has its merits, it implies
that any non-linear impact effect of the shocks associated with the (unknown) data generating process
generates model misspecification. We conjecture that the implication would be to estimate an average
impact effect of the shocks that weights the true non-linear impact effects. We caution against this
limitation of the methodology. We stress that the paper does not aim to advance the literature on
shock identification in a non-parametric framework, a task which is beyond the scope of this paper.
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Figure 8: Nonlinear effects of financial shocks - Small shock, adverse versus favourable
A) Pre-Covid sample, 1973M1-2020M2

Industrial Production CPI Unemployment
2 05 £ 0.05 T Z£02 |
g — — — - Adverse g g '
¥ Favourable (flipped) ¥ 0 ¥
o 0 o 0.1
2 £ 005 g
g g g
5 -0.5 S 0.1 5 0
Q <5} Q
2, 2, 2,
0 10 20 0 10 20 0 10 20
Excess Bond Premium Stock market index Fed Funds Rate
& & &
£ 04 200 2
2 8, , 8 02 | |
&) Q- [ O
£0.2 2 ®
£ 54 5-02
g g g
g 0 g -6 g -04 ‘
2, 2, 2,
0 10 20 0 10 20 0 10 20
months months months
B) Post-Covid sample, 1973M1-2024M12
Industrial Production CPI Unemployment
£ 05 2 Zz
% — — — - Adverse ) 'g ~§ 02
2 Favourable (flipped) [s% sThe
5 0 % %
2 201 2o
= =} =}
& -0.5 g _—— 3 0
8 2 .02 I 3
2, 2, 2,
0 10 20 0 10 20 0 10 20
Excess Bond Premium Stock market index Fed Funds Rate
: - goz g
' 0.4 g 0 3
2, 2, a 0
% 52 %
502 g 202
5 S 5
n x 04
2, 2, 2,
0 10 20 0 10 20 0 10 20
months months months

Note: Response to adverse and favourable financial shocks that change the excess bond premium
by 50 basis points (top panel) or 300 basis points (bottom panel). The response to favourable
shocks has been multiplied by -1 for the purpose of comparison. The lines and bands reported

are the pointwise median and 90% coverage bands, respectively.

the response of CPI is more pronounced to a favourable shock than to an adverse

shock. We acknowledge a short-lived puzzling response of the federal funds rate after

a favourable shock, an effect that only lasts one month.

Figure 8 shows that things change considerably when the size of the shock is larger.
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Figure 9: Nonlinear effects of financial shocks - Large shock, adverse versus favourable
A) Pre-Covid sample, 1973M1-2020M2
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Note: Response to adverse and favourable financial shocks that change the excess bond premium
by 50 basis points (top panel) or 300 basis points (bottom panel). The response to favourable
shocks has been multiplied by -1 for the purpose of comparison. The lines and bands reported

are the pointwise median and 90% coverage bands, respectively.

Consider first the results before Covid. In response to an exogenous variation of the

excess bond premium by 300 basis points the stock market responds three times as

strongly in response to an adverse shock, which also generates a much more persistent

effect on the excess bond premium. This results in a considerably stronger effect on
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Figure 10: Nonlinear effects of financial shocks
A) Pre-Covid sample, 1973M1-2020M2
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Note: Strongest response within two years from the shock. The horizontal axis reports the
impact variation of the excess bond premium, from a minimum of 50 basis points to a maximum
of 300 basis points. The response to favourable shocks has been multiplied by -1 for the purpose
of comparison, and the corresponding shock should be viewed as a decrease (rather than an
increase) in the excess bond premium. The lines and bands reported are the pointwise median
and 90% coverage bands, respectively.

industrial production, CPI and unemployment. As an example, the 300 basis point
decrease in the excess bond premium only increases industrial production by 0.8%,
while the 300 basis point increase leads to a maximum drop in industrial production of
almost 2%. Consistent with these results, the federal funds rate decreases in response
to an adverse shock more than it increases in response to a favourable shock. The

results remain robust to the inclusion of the Covid-19 period. The nonlinear effect of
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adverse versus favourable shocks is mildly smaller on industrial production, but still
present. A non-linearity arises on the response of CPI, which responds more strongly
to favourable shocks in the post Covid period.

Figure 10 further inspects the nature of the non-linearity documented in Figure 8-
Figure 9. It shows the response of industrial production and the unemployment rate
when the size of the shock is progressively increased to generate impact variations in
the excess bond premium of consecutive values from 50 to 300 basis points. For adverse
shocks, the figure shows the strongest decrease (for industrial production) and increase
(for unemployment) within the first two years from the shock. For favourable shocks
the analysis is shown with opposite sign to improve comparability (the underlying
shock should be interpreted as decreases rather than increases in the excess bond
premium). The figure shows that favourable shocks of a progressively increasing size
generate effects that increase in magnitude only mildly. By contrast, adverse shocks
of increasing magnitude generate progressively stronger effects.

Broadly speaking, the results documented in Figure 8-Figure 10 are consistent
with Figure 5 from Forni et al. (2024): small adverse and favourable shocks broadly
generate symmetric effects, but as the size of the shock increases, adverse shocks affect
the real economy much more than favourable ones. However, on closer inspection,
two notable differences emerge. First, the results from Figure 8 do not display their
puzzling temporary monetary contraction in response to adverse shocks. Second, in
Forni et al. (2024) the timing of the maximum effects are similar for positive and
negative shock. Our results, instead, document that the size of the shock has a strong
effect not only on the size of the responses, but also on their timing. Small shocks
generate a maximum effect of unemployment which is mainly concentrated around 16
months from the shock irrespectively of the sign of the shock. By contrast, large shocks
imply a much more rapid response to adverse shocks, which generate a peak impact
of unemployment already within the first 6 months from the shock. Having relied on

the same identification strategies helps us interpret these differences as the result of
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not introducing cubic parametric functional constraints in how different non-linearities
interact in the model.

Table 1: Splitting variables in the first 6 months from the shock

1P CPI Unemp  EBP S&P500 Fed funds sum

IP  20.50% 15.25% 15.75% 16.52% 16.47% 15.52% 100%

CPI 14.43% 26.17% 14.77% 15.07% 14.24% 15.33% 100%
Unemp 15.88% 14.93% 23.09% 14.95% 15.40% 15.75% 100%
EBP 15.36% 15.66% 15.37% 20.90% 16.24% 16.47% 100%
S&P500 15.89% 15.61% 15.05% 17.67% 19.39% 16.39% 100%
Fed funds 14.30% 17.27% 13.30% 13.57% 14.96% 26.60% 100%

Note: Caution should be paid in attaching a structural or economic interpretation to the selection

of variables used by BART as splitting variables. The results on how frequently the estimated
(h)

residuals w; ., featured as splitting variables were omitted to improve visibility.

Table 1 complements the analysis by documenting which variables are used more
frequently by BART-LP as splitting variables in the tree structures from the joint
posterior distribution. Rows differ depending on which of the size variable is studied
as dependent variable. Columns differ for how frequently the corresponding variable
in the column is used as a splitting variable, irrespectively of the lag at which it enters
the model. As an example, lagged values of industrial production are used as splitting
variables around 20% of the times in explaining industrial production, and around
15% of the times in explaining CPI. The table documents that, overall, each variable
contributes to explaining mainly the non-linearities on itself, rather than on other
variables (we caution against attaching a structural interpretation to the information
provided in Table 1).

Figure E.9 in the Online Appendix shows evidence of time-variation in the effect of
financial shocks. It reports the effect of financial shocks on industrial production when
varying the initial conditions used to compute the GIRFs. These initial conditions are
set equal to the average value of the variables on a rolling window, starting from the
beginning of the sample and incrementing it with increments of 12 months. Consistent
with the results discussed in this section, adverse shocks have a larger average impact
on industrial production. We find evidence that favorable financial shocks can have

larger effects on real activity during recessions.
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4.2 The non-linear effects of monetary shocks

Monetary policy is known to be an important tool in the tool-kit of policy makers.
For this reason, effort has been given to inspect if monetary policy shocks are still
effective during economic recessions, which are periods in which monetary policy might
be needed the most to sustain economic activity. Weise (1999) and Tenreyro and
Thwaites (2016) document opposite results on this matter, finding that monetary
policy shocks are more effective during economic recessions (the former) or during
economic expansions (the latter). Both contributions use parametric models that only
explicitly model the non-linearity over the state of the business cycle. We revisit their
analysis using BART-LP in order to jointly study multiple non-linearities within the
same framework, namely over the business cycle, as well as over the sign and size of
the shock. We then use BART to inspect if Covid-19 has changed the transmission
mechanism of monetary policy shocks and altered any non-linearities detected before
the pandemic.

We set y;4p, from equation (1) equal to six possible variables: (1) the monetary
policy shock proxy of Jarocinski and Karadi (2020), (2) the one-year government
bond yield, (3) real GDP growth, (4) GDP deflator inflation, (5) stock returns, (6) the
excess bond premium. The data is monthly, with the pre-Covid sample running from
1979M7 to 2020M2, and the post-Covid sample running up to 2024M12. We include
12 lags in the model. The identification strategy is selected to make the analysis as
close as possible to Jarocinski and Karadi (2020). We estimate a preliminary linear
VAR model using the recursive identification strategy for the first shock, which is the
shock to the monetary policy instrument. As in the application to financial shocks,
this strategy allows for the calibration of a shock such that the interest rate changes on
impact by a selected magnitude of interest. We estimate the response to positive and
negative shocks of varying magnitudes that change the interest rate by a minimum

of 10 basis to a maximum of 100 basis points. We estimate these impulse responses
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conditioning on being in a recession or and expansion.” We set the number of trees
to 500 and use 4,000 posterior draws, with a burn-in of 2,000 draws. The code takes
approximately one hour to run to generate 4,000 posterior draws.

Figure 11 shows how frequently, on average, each regressor is used as a splitting
variable for each estimated model. The top figure shows the results for the pre-Covid
period, while the lower period refers to the full sample. For horizon h = 1 the most
important regressor for the splitting rules before Covid is real GDP growth (Y;_1),
indicating the presence of non-linearity associated with the state of the economy. At
longer horizons financial variables become more important. For example, at the one
year horizon, the lagged one year rate of the interest rate (B;_12) is used most fre-
quently in splitting rules, followed by stock market returns, the interest rate and the
excess bond premium at different lags (S;—12, Bi—1 and EBPFP;_1). These variables re-
main important at the two year horizon. After Covid, the nonlinear patterns captured
by the splitting variables do change. For instance, (Y;—11) becomes a very important
predictor for output at horizon A = 1, and many more variables become important at

horizon h = 24.

9In the case of recessions, we use the initial data from periods when GDP growth is at the
following percentiles: 1, 2.5t" 5" 10t", 20*". Expansions are defined as being consistent with data
from periods when growth equals the 80t", 90", 95", 97.5" or the 99*" percentile.
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Figure 11: Nonlinear effects of monetary shocks
A) Pre-Covid sample, 1979M7-2020M2

Horizon 1

0 TTTT LI ANNNNNRRRRRRTYYTY TRRRQQROOOOOONNNNNNDDODDODPPPPPPOOO00OT —r o T NNNNNN

E@-mmgn&wmmgmﬁmmmwn.w&gmﬁmwnmmgmﬁmﬁ;amu~ SRR SRS AR
w w w w w ] Luf:ﬂ2 o [ia)
Horizon 12

4-«-«4-' MR

= n_mn.gn cn%§m>-n.(m.§m (n%gcb-n.ma.gm-n.mn. ’S—n.m§m>-n.ma.§m'5-n. SRR ‘ﬁ.‘c’rﬂ.‘g ‘EJ‘S-" Ll
& w w i i ﬁﬁ
i i
Horizon 24
4
2
0 —————FNNNNNNmmmmmmvvvvvvmmmmmm@o@wwmﬁhhNNN&&@@&@@@@@@&QQQOOOFFFFFFNQQQNN
§m>-n_wn_§:n>a.w%§m>n_un.§m>a_m§m>-n_m§m>n_w%§m>a.m§m>n.mn.gcn>—a.wn. B S n_‘c‘/i_“g‘ﬁn‘s-“: «:-— 0
w w w w CﬂE o @
covariates

B) Post-Covid sample, 1979M7-2024M 12
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Note: Regressors are indicated as the proxy for the monetary policy (M;), the one-year govern-
ment bond yield (B;), real GDP growth (Y;), GDP deflator inflation (P;), stock returns (S;), and
the excess bond premium (EBP;). Caution should be paid in attaching a structural or economic
interpretation to the selection of variables used by BART as splitting variables. The results on
how frequently the estimated residuals ng_)h featured as splitting variables were omitted to im-
prove visibility.
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Figure 12 summarises our main result. The figure shows the cumulated response of
real GDP growth at the one year horizon to expansionary and contractionary policy
shocks. We consider shocks that change the one-year rate by 10 basis points up to 100
basis points with increments of 0.1 percent. Responses conditioned on boom periods
are shown in red, while those using recessions as initial conditions are shown in black.
The panel above shows the results using data until Covid 19. The panel below uses
the full dataset.

The figure suggests that in periods of economic recession, contractionary and ex-
pansionary monetary policy shocks generate relatively symmetric effects, both before
and after Covid. In addition, as a first approximation, the size of the effect increases
proportionately in the size of the underlying shock. The same does not hold when
studying periods of economic expansions before Covid. Until 2020M2, in an expansion
a contractionary monetary policy shock generates effects of larger magnitude than the
corresponding expansionary monetary policy shocks. In an expansion, the effect of
contractionary monetary policy shocks increases more than proportionately. All in all,
conditioning on contractionary shocks, such shocks used to have a much stronger effect
if they hit the economy in a boom than in an recession, while the opposite was true for
expansionary shocks.'® However, we find evidence that the transmission mechanism
of monetary policy has changed after Covid 19, in that the nonlinearity is lost. We
present impulse responses of all variables in Figure 13. Before Covid, the effect of a
contractionary monetary shock on GDP growth is larger and more persistent, but the

effect is subdued following the pandemic.

0Tn Section D of the Online Appendix (see Figure D.3) we consider responses to contractionary
shocks using a standard LP that has different coefficients during expansions and recessions, with the
regimes determined exogenously via smooth transition process. Evidence for differences in the impact
across recessions and booms is less clear-cut in this model. This points to the key advantages of the
proposed LP in that it does not rely on an assumed functional form, specific switching variables or
regime switching that is independent of the shocks.
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Figure 12: Nonlinear effects of monetary shocks
A) Pre-Covid sample, 1979M7-2020M2
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Note: The cumulated response of GDP growth at the one year horizon. Solid lines and shaded
areas are the medians and 68% error band of the response from the flexible LP. The dotted lines
represent the impact of the shock as it is linearly scaled up.
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Figure 13: Nonlinear effects of monetary shocks
A) Pre-Covid sample, 1979M7-2020M2
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B) Post-Covid sample,
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The results from Figure 12 help clarify the apparently contradicting results doc-
umented by Weise (1999) and Tenreyro and Thwaites (2016). By construction, the
smooth transition LP model used by Tenreyro and Thwaites (2016) generates responses
that are symmetric when comparing contractionary and expansionary shocks. Simi-
larly, shocks of increasing size cannot generate impulse responses of a different shape
within their model. While these two limitations are not present in the smooth transi-
tion VAR model used by Weise (1999), its main focus is to inspect a non-linearity over
the business cycle, rather than over the size and sign of the shock. Our framework
helps investigate the results by Weise (1999) and Tenreyro and Thwaites (2016) when
multiple non-linearities are studied at the same time. For contractionary shocks, the
main result by Tenreyro and Thwaites (2016) is clearly supported by Figure 12 for
the pre-Covid period, as shocks generated in an economic expansion are more effective
than in economic recessions. By contrast, for expansionary shocks, there is evidence
supporting the finding by Weise (1999) that the effects are stronger in recession rather
than in expansion. However, we document that both non-linearities might have been
lost in the aftermath of Covid-19. We stress that the post pandemic period is very
short, and caution is warranted in drawing conclusions about whether pre-pandemic
non-linearities might still be at play.

The main findings documented for monetary contractions before Covid are broadly
consistent with Bruns and Piffer (2023), who also use a model for non-linearities over
the business cycle, but not formally model dependency over the sign and size of the
shock, and use pre-Covid data. Barnichon and Matthes (2018) adjust their FAIR
methodology to study non-linear effects of monetary policy shocks depending on the
size of the shock. While they do not contemporaneously study non-linearities over
the size of the shock nor over the business cycle, their results are consistent with our
pre-Covid finding from Figure 12, namely that, before Covid, contractionary shocks
were more effective than expansionary shocks. We find that this result used to hold

mainly when the shock hits the economy in an economic expansion.
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5 Conclusions

Local projections are widely used in Macroeconometrics, as they provide a flexible
tool to estimate impulse responses to structural shocks of interest. However, the
most popular linear specification of local projections introduces the assumption of
a linear relationship among variables within each horizon h considered. This paper
introduces a flexible local projection that generalises the model of Jorda (2005) to a
non-parametric setting by using Bayesian Additive Regression Trees (BART). Using
Monte Carlo experiments, we show that the model is able to capture impulse response
non-linearities driven by state-dependence, sign-dependence or size-dependence.

We apply our methodology to US financial and monetary shocks. We complement
the results by Forni et al. (2024) on financial shocks. We find further evidence of their
result that the effect of adverse financial shocks increases more than proportionately
in the size of the shock. At the same time we find that also the timing of the effect
changes, as adverse shocks of higher magnitude affect the economy more rapidly. The
results also hold when adding post-Covid data to the analysis. We then apply BART-
LP to monetary shocks. We find that, before Covid, when contractionary shocks
are considered, the results are consistent with the finding by Tenreyro and Thwaites
(2016), in that monetary policy is more effective during economic expansions. Yet, in
response to expansionary shocks, we find mild evidence in favour of the opposite result
before Covid, as documented instead by Weise (1999). The nonlinearity is partly lost
when adding Covid to the analysis.
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